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SUMMARY 




In a diseased artery, the stenosis may vibrate with the pulsatile blood flow, mainly 
radially and to a smaller extent, axially. In massage therapy, either by hand or 
mechanical devices, the artery wall is compressed and the resulting constriction may 
move radially and axially. In a roller pump, having a radially or axially moving 
constriction on the tube wall may enhance the flow pulsation, which has been shown 
to improve vital-organ recovery after hypothermic cardiopulmonary bypass. In order 
to study the mechanism of the above physiological/bioengineering phenomena, in the 
present study such constriction motion was modeled by two modes separately, i.e. by 
imposing a radially-oscillating or axially-oscillating wave on a tube wall subjected to 
a pulsatile incoming flow.  
 
A linear analytical approach was first developed to study a radially-oscillating 
axisymmetric constriction in a tube subjected to a low Reynolds number pulsatile 
flow. An analytical form of the pressure-gradient versus velocity relationship was 
derived. The results show that the fluctuations of pressure gradient, axial velocity and 
wall vorticity increase rapidly as the constriction oscillation amplitude increases. The 
fluctuations due to the incoming pulsatile flow are amplified by the constriction 
motion. If the constriction does not oscillate but remains at its mean position, the 
fluctuation in the downstream flow, due to the incoming pulsatile flow, is smaller. The 
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analysis may be used for mildly oscillating constrictions without complications of 
flow separation and non-linearity. The analytical solution may also be useful as a 
means of validating numerical models of oscillating constrictions with large 
amplitudes. 
 
Next, a numerical model was developed to solve pulsatile flow through a tube with a 
radially-oscillating axisymmetric constriction. The moving boundary of the large 
amplitude oscillation was solved by an Arbitrary-Lagrangian-Eulerian (ALE) finite 
element method. The effects of constriction oscillation amplitude, phase lag between 
the constriction motion and incoming flow pulsation, Reynolds number and 
Womersley number were considered. The basic features observed are the flow 
fluctuation amplification and wavy flow pattern with complicated vortices 
development for large Womersley number (α = 10). However, the effects induced by 
the constriction radial oscillation are less obvious at large Reynolds number, for 
example Re = 1000, as the flow is dominated by the large convective inertia. The 
results also show that a stationary constriction assumption may overestimate the wall 
shear stress in the stenosed arteries.  
 
Finally, a numerical model was developed to solve pulsatile flow through an axially-
oscillating axisymmetric constriction. The effects of constriction ratio, phase lag 
between the constriction motion and incoming flow pulsation, Reynolds number and 
Womersley number were considered. The main findings are that the downstream-
moving constriction reduces the wall vorticity and pressure loss across the 
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constriction; and vice versa for the upstream-moving constriction. Other observations 
include the flow unsteadiness amplification, wavy flow pattern and complicated 
vortices development when the Womersley number is large (α = 10). These observed 
effects are less obvious at high Reynolds number, where the flow unsteadiness 
induced by the constriction motion may be somehow overshadowed by the large 
convective inertia of the incoming flow.  
NOMENCLATURE  




α Womersley number = µ
ρπfR 20  
 
ε Dimensionless oscillation amplitude of a radially-oscillating 
constriction, or dimensionless constriction ratio of an axially-
oscillating constriction 
 
θ Phase lag between the constriction motion and incoming flow 
pulsation 
 
µ Fluid dynamic viscosity 
 
ρ Fluid density 
 




D Constriction axial oscillation range for an axially-oscillating 
constriction 
 
j Unit imaginary number 
 
J0 Zeroth order Bessel function 
 
J1 First order Bessel function 
 
L Constriction length for a radially-oscillating constriction 
 
r Radial Coordinate 
 
R Radius of deformed tube 
 




T Period of the constriction oscillation motion and incoming flow 
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pulsation 
 
u Radial velocity  
 
uˆ  Dimensionless axial mesh velocity 
 
U0 Inlet peak spatial-average axial velocity  
 
Uavg Inlet dimensionless spatial-average velocity  
 
v Axial velocity  
 
vˆ  Dimensionless radial mesh velocity 
 
V0 Inlet peak spatial-average radial velocity  
 
z Axial Coordinate 
 
z0 Constriction starting point for an axially-oscillating constriction 
 
Re Reynolds number = µ
ρ 00 RU  
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CHAPTER 1     INTRODUCTION 
 
1.1 Physiological Background 
 
1.1.1 Physiological Flows 
Pulsatile flow in a tube with a moving constriction is of interest in many 
physiological phenomena. One typical example is blood flow in arteries associated 
with arterial diseases, such as atherosclerosis (Nerem 1992; Giddens et al. 1993a), 
one of the leading causes of death in the world. If the constriction is severe enough, 
blood transmural pressure may become negative and cause artery compression or 
even collapse leading to serious clinical consequences such as stroke or heart attack 
(Aoki and Ku 1993; Bathe and Kamm 1999).  
 
Although there remains uncertainty with regard to the exact mechanisms responsible 
for the initiation of this disease, it has been established that development of 
atherosclerosis, even in the early stage of the disease, is strongly related to the 
characteristics of the blood flow in the arteries with constrictions (Ku et al. 1985).  
The study of the interaction between the fluid mechanics variables and atherosclerotic 
disease reveals a strong correlation (Giddens et al. 1990). It is believed that high wall 
shear stress may result in haemolysis (Leverett et al. 1972) and platelets aggregation 
(Hung et al. 1976; Ikeda et al. 1991), and thereby induce thrombosis which can totally 
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block the flow (Ku 1997). It was found by Ku et al. (1985) that low and oscillating 
wall shear stress caused by the unsteady flow separation could prompt intimal 
thickening and growth of stenosis, which may cause unfavorable hemodynamic 
changes such as elevated wall shear stresses, flow separation, recirculation and flow 
stagnation. 
 
One of the possible hypotheses is that the wall shear stress influences the 
biochemistry of endothelial cell (EC) and the permeability of EC monolayers to 
macromolecules and water. The oscillatory wall stress induced by pulsatile artery 
wall motion during the cardiac cycle also imposes cyclic stretch on the EC lining the 
wall as well as the smooth muscle cells within the wall (Qiu and Tarbell 2000). Thus, 
it is essential to determine correctly the wall shear stress temporal evolution 
downstream from a constriction. 
 
Non-invasive techniques, such as Doppler or MRI (Magnetic Resonance Imaging), 
are currently used in the clinic to obtain a detailed view of local blood flow and to 
extract sufficient information to determine the actual degree of occlusion. However, 
despite the considerable progress in such diagnostic techniques, precise and 
quantitative knowledge of hemodynamics in a constricted vessel is still lacking. This 
justifies investigative efforts towards elucidating the basic features of flow occurring 
in a vessel with a constriction. 
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Flow passing through a moving constriction is also related to the physiological 
phenomenon called “peristaltic pumping”, like the creeping flow in the ureter and 
gastro-intestinal system (Shapiro 1969; Li and Brasseur 1993; Carew 1997). It is the 
primary mechanism to transport fluid arising from the progression of contraction 
waves along a distensible tube. The propagation of the area contraction may be 
represented as a constriction that moves along the tube wall. This characteristic is put 
to use by the body to propel or mix the contents of a tube, as in ureters, the gastro-
intestinal tract, the bile duct, and other glandular ducts. The peristalsis may also be 
involved in the vasomotion of small blood vessels which change their diameters 
periodically.  
 
There are also many physiological flows in which the tube walls are partially 
collapsed under external pressure greater than internal pressure, thereby forming a 
constriction to flow (Shapiro 1977). Examples of collapsible tube flows are: veins, 
urethras, vocal cords, pulmonary airways, and others. In some cases the collapsed 
tube (for example, vocal cords) may have self excited oscillation of the walls. 
 
1.1.2 Clinical and Bioengineering Applications 
Pulsatile flow passing through a moving constriction is also of interest in many 
bioengineering applications. Typical examples are roller pump (Mulholland et al. 
2000), valveless pump (Manopoulos et al. 2001) and balloon pump (Papaioannou et 
al. 2002). They are commonly employed in the clinic as a means of temporary blood 
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circulation assistance, where a series of constrictions are formed on the wall of the 
tube. 
 
In particular, roller pumps are extensively used to transport blood, or corrosive fluids, 
as the fluid does not contact the mechanical parts of the device. Generally the 
compression mechanism occludes the tube completely or almost completely, and the 
pump, by positive displacement, “milks” the fluid through the tube. Moreover, 
viscous forces can produce effective pumping even if the lumen of the tube is not 
occluded, but then the flow rate depends on the pressure head. 
 
However, researchers have shown that high shear stress due to the tube cross-section 
occlusion can cause damage to the blood cells (Yarbourgh et al. 1966; Mulholland et 
al. 2000). It was also found that the complex flow behaviours such as flow separation, 
stagnation, vortices and negative pressure can increase the damage due to blood flow. 
Hence, it is of importance to examine the changes in hemodynamics caused by the 
moving constriction.  
 
Chinese massage therapy is another related clinical application, of which its 
therapeutic use dates back to two thousand years ago. It is a hands-on manipulation 
on the soft tissues of the human body including blood vessels, muscles, connective 
tissue, ligaments and so on. Nowadays it has been accepted as an effective and 
comfortable therapy, playing an important role in the fields of medical treatment, 
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rehabilitation and disease prevention. Most studies on Chinese massage have been 
carried out from the aspect of medical treatments. 
 
The mechanism of Chinese massage may also be studied as pulsatile flow through a 
moving constriction. The blood vessel is compressed by the palm of which the motion 
forms an oscillating constriction (Xu and Xie 1997). Up to date, very little work has 
been reported from the hemodynamics point of view (Ji et al. 2003; Xu et al. 2005; 
Liu et al. 2005). Of related interest is the analytical study of Kamm (1982) of a 
mechanical massage device for the veins to prevent thrombosis.  
 
Pulsatile flow through a moving constriction may also be related to chemical and 
biological detection systems such as microcantilever probes (Lavrik et al. 2001; 
Khaled et al. 2003); the flow instabilities inside such fluidic cells can be produced by 
either flow pulsating at the inlet or external disturbance present at the boundaries. 
 
1.2 Literature Review 
 
Numerous studies on flow distal to a constriction have been reported. However, most 
of the studies were focused on the stationary constriction. Only a few considered the 
constriction motion. In this section, the literature review has been carried out by 
classifying the previous studies into two major categories, that is, the stationary 
constriction and the moving constriction.   
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1.2.1 Stationary Constriction  
Flow through a constricted tube is characterized by a high velocity jet generated from 
the narrowest section and flow separation distal to the constriction. Even though the 
upstream flow is usually laminar, the flow in the post-constriction region could 
become highly disordered and unsteady. The flow in the constricted tube is generally 




Numerous in-vitro works have described the main features of the post-constriction 
region (Young and Tsai 1973a, 1973b; Siouffi et al. 1977, 1984, 1998; Clark 1980; 
Khalifa and Giddens 1981; Ahmed and Giddens 1984; Ojha et al. 1989). Among 
them, Clark (1980) used hot-film anemometry to determine the constriction influence 
length. Ahmed and Giddens (1984), using ultrasound and Laser Doppler techniques, 
studied the flow disturbance induced by the constriction. Using photochromic tracer 
method, Ojha et al. (1989) observed that for axisymmetric constriction of 65% and 
75% area reduction, the flow in tubes changed from laminar to turbulence, with the 
stream-wise vortices shedding in the high-shear layer. Intense fluctuations in wall 
shear stress were found in post-constriction region during the vortex generation phase 
of the cycle.  
 
Azuma and Fukushima (1976) studied the influences due to the disturbances of both 
steady and pulsatile blood flow in the constricted blood vessel. It was observed that 
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with steady flow, a sudden decrease in the critical Reynolds number took place as the 
degree of constriction increased. Even at Reynolds numbers far below the critical 
value, a region of flow separation was clearly seen just behind the constriction. An 
eddying wake inside the separated region spread downstream as the Reynolds number 
increased. At the critical Reynolds number vortices were formed at the distal end of 
the wake and shed downstream in succession. Further increase in Reynolds number 
resulted in the formation of secondary flow. While for unsteady flow in constricted 
blood vessel, a reverse flow near the wall at the end of the decelerating phase was 
observed. During the accelerating phase, large vortices were formed near the 
constriction, shed downstream and broken down into turbulence. The turbulent flow 
formed did not diminish but spread upstream against the flow direction until the start 
of next accelerating phase. Pulsation seemed to facilitate not only the production of 
vortices but also the backward spread of turbulence formed downstream.  
 
Siouffi et al. (1998) have also investigated the post-constriction velocity flow field 
corresponding to oscillating, pulsatile and physiological upstream flow conditions 
with 75% area constriction. It was observed that in addition to the usual Reynolds 
number and flow pulsation frequency, the velocity field was highly dependent on the 
flow waveform, particularly for the velocity at downstream of the constriction. 
 
Experimental works also showed that flow in constricted tube depends strongly on the 
upstream flow Reynolds number. In the study of Liepsch et al. (1992), flow behaviors 
were investigated under both steady and unsteady flow conditions at Reynolds 
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numbers from 150 to 920 in the presence of cylindrical constriction. The flow 
reattachment length and flow disturbances increased with Reynolds numbers. At high 
Reynolds number, eddies were observed in the pre-constriction regions.  
 
Theoretical Studies 
Understanding of flow in constricted tube has also been contributed from theoretical 
efforts. Given that the constricted flows mostly take place in the blood vessels with 
cardiovascular diseases, quite a few analytical investigations related to constricted 
blood flow have been carried out with different perspectives, including curvature 
effects, distensible wall effects, and rheological properties of blood (Dooren 1978; 
Jayaraman et al. 1983; Jain and Jayaraman 1990).  
 
Among such studies, Ramachandra Rao (1983) presented an analytical work on the 
pulsatile flow in a tube with slowly-varying tube cross-section. An analytical 
perturbation model was developed for the low Reynolds number pulsatile flow and a 
pressure gradient versus velocity relationship was derived. Non-Newtonian effect on 
flow behavior in a tube with constriction was also analytically studied by Santabrata 
and Chakravarty (1987). The flow was assumed to be characterized by a power law 
model. The tube wall was treated as an initially stressed orthotropic elastic material 
and incorporated the effect of the surrounding connective tissues of the tube wall with 
the flow field. Results showed that the deformability of the tube wall contributed to 
the flow unsteadiness and consequently the resistance to flow through the tube in the 
presence of the constriction. 
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Subsequently, Chakravarty et al. (1994) studied the pulsatile flow through tube with 
overlapping constrictions by treating the flow as a viscoelastic fluid.  The governing 
equations were sought in Laplace transform space and their relevant solutions, 
supplemented by suitable boundary conditions, were obtained in the transformed 
domain. The findings showed that flow velocity decreased at the onset of the 
constriction and increased towards the overlapping region. 
 
Numerical Studies 
Due to its intrinsic nonlinear nature, the flow through a constriction usually cannot be 
solved analytically. Deshpande et al. (1976) presented numerical solutions for steady 
laminar flow through an axisymmetric constriction in a rigid tube by using a finite 
difference technique to solve the full Navier-Stokes equations in cylindrical 
coordinates. The numerical results were found to have a good agreement with the 
experimental data of Young and Tsai (1973a), and the relationships to occlusive 
vascular disease were discussed.  
 
In the study of O'Brien and Ehrlich (1985), an axisymmetric constriction in a straight 
rigid circular tube was studied by a finite difference approach. They proposed that 
steady flow was dependent on Reynolds number and two geometric parameters which 
described the constriction. The pulsatile flow was represented by the addition of a 
simple harmonic to the mean flow which added two more parameters. One was the 
reduced frequency, or Strokes number, and the other was the ratio of unsteady to 
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steady fluxes. The results indicated that it was inadequate to relate the hemodynamics 
of atherosclerosis solely based on steady flow. 
 
Pulsatile flow in rigid arterial models with stenosis (area constrictions) of 50% and 
80% were studied by Luo and Kuang (1992a) by using finite element methods for a 
physiological flow with an average Reynolds number of 561.8 and a Womersley 
number of 7.16. Velocity waveforms, axial pressure drop, wall shear stress 
distributions and the flow separation zone for each model were presented. The effect 
of non-Newtonian blood flow on the flow patterns was also studied in their later work 
(Luo and Kuang 1992b), by introducing a non-Newtonian constitutive equation for 
blood. The results for both straight and stenotic (constricted) tubes were presented. It 
was found that compared with Newtonian flow, the non-Newtonian normally had 
larger pressure gradient, higher wall shear stress, and different velocity profile, 
especially in stenotic tube. In addition, the non-Newtonian stenotic flow was found to 
be more stable than Newtonian flow. 
 
In the numerical work of Long et al. (2001), three axisymmetric and three 
asymmetrical stenosis models with area reduction of 25%, 50% and 75% were 
studied. A measured human common carotid artery blood flow waveform was used as 
the upstream flow condition which has a mean Reynolds number of 300. The 
formation and development of flow separation zones in the poststenotic region were 
found very complex, especially in the flow deceleration phase. In axisymmetric 
CHAPTER 1                                                                                      INTRODUCTION 
11 
model, the degree of stenosis had more significant effect on the poststenotic flow than 
that in asymmetric models. The amplitude of wall shear stress oscillations were found 
to depend strongly on the axial location and the degree of stenosis. 
 
The numerical studies of flow with double constrictions were presented by Lee 
(1990). The streamline, velocity and vorticity distributions in the Reynolds number 
range 5-200 were studied by using a finite difference method. Double constrictions 
with dimensionless spacing ratios of 1, 2, 3 and infinity were considered for a 50% 
constriction. Results showed that for Reynolds numbers greater than 10, there was a 
recirculation region formed downstream of each of the constrictions. With high 
Reynolds number a recirculation region spread between the valley of the constrictions 
for constriction spacing ratios of 1, 2, and 3. The recirculation region formed between 
the two constrictions decreased the wall vorticity near the second constriction area.  
The extent of this recirculation region from the first constriction and its effects on the 
second constriction were dependent on the constriction spacing ratio and the flow 
Reynolds number. 
 
Recently, the flow with series rigid vascular constrictions were studied numerically 
for the Reynolds numbers from 100 to 4000, diameter constriction ratios of 0.2-0.6 
and spacing ratios of 1, 2, 3, 4 and infinity by Liao et al. (2003). In the laminar flow 
region, the numerical predictions by k-  turbulence model matched those by the 
laminar-flow modelling very well. It was verified that the k-  turbulence model is 
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capable of the prediction of the laminar flow as well as the prediction of the turbulent 
stenotic flow with good accuracy. The results showed that the extent of the 
recirculation region and its effects on the flow field downstream were dependent on 
the constriction spacing ratio, constriction ratio and Reynolds number. Their study 
showed that having more constrictions can result in a lower critical Reynolds number, 
which means an earlier occurrence of turbulence for the constricted flows. 
 
The comparison between physiological and simple pulsatile flows through constricted 
arteries was made by Zendehbudi and Moayeri (1999). The physiological waveform 
given by Daly (1976) for the canine femoral artery was used. Numerical solutions to 
physiological and simple-harmonic flows, of the same stroke volume, through a 
constriction of 61% area reduction were compared. The comparison showed that 
although the behaviors of the two flows were similar at some instances of time, they 
should be considered as two flows with different behavior. Therefore, for a more 
thorough understanding of pulsatile flow through constricted arteries, the actual 
physiological flow should be simulated. 
 
In 1999, Bathe and Kamm proposed a fully-coupled model to analyze the problem of 
pulsatile flow through a compliant axisymmetric constricted tube using finite element 
method. It adopted the large displacement and large strain theory to describe the tube 
wall material mechanics. A nonlinear material curve, fit to experimental tensile test 
data, was incorporated into the tube wall model; as well as constant through-thickness 
hoop stress at median pressure, and a 1.5 axial tube wall stretch ratio. Three grades of 
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constriction with 51, 89 and 96 percent nominal area reduction respectively were 
modeled. Results showed that pressure drop, peak wall shear stress, and maximum 
principal stress all increased dramatically as the area reduction in the constriction was 
increased from 51 to 89 percent. Further reductions in constriction cross-sectional 
area produced relatively little additional change in these parameters due to a 
concomitant reduction in flow rate caused by the losses in the constriction. 
 
Another flow-structure interactions study was that by Tang et al. (1999). They 
introduced a 3-D  thin-wall model to investigate the wall deformation and 
hemodynamics in carotid arteries with symmetric and asymmetric constrictions. The 
tube wall was assumed to be hyperelastic, homogeneous, isotropic and 
incompressible. The nonlinear large-strain Ogden-material model was used for the 
wall with the elastic properties determined experimentally for a silicone tube with a 
78% constriction by diameter. The results revealed that the behaviors of the 3-D  
flow pressure, velocity and shear stress fields were different from those of 2-D 
models. Constriction severity and asymmetry had considerable effects on those 
critical flow conditions such as negative pressure and high shear stress, which may be 
related to artery collapse and plaque rupture. 
 
Recently, Lee and Xu (2002) studied the pulsatile flow and vessel wall behavior in a 
stenosed vessel for a 45% (by area) axisymmetric stenosis. A sinusoidal inflow 
waveform was simulated, with the vessel wall being treated as a thick-wall, 
incompressible and isotropic. They found that the flow separation layer distal to the 
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stenosis was thicker and longer, and wall shear stress was slightly lower in the 
compliant model than that in the rigid model. The static wall model (with uniform 
pressure loading) and coupled fluid/wall interaction model showed qualitatively 
similar wall strain and stress patterns but considerable differences in magnitude.  
 
More recently, Moayeri and Zendehbudi (2003) used an isotropic elastic and 
incompressible material to simulate the wall at each axial section, but a nonuniform 
distribution of the shear modulus in axial direction was used to model the high 
stiffness of the wall at the constriction location. Hemodynamic characteristics of 
blood flow through arterial constrictions were numerically investigated. The pulsatile 
nature of flow was modeled by using measured values of the flow rate and pressure 
for the canine femoral artery. The wall deformation and flow equations, which were 
coupled through the boundary conditions at their interface, were obtained by control 
volume method and simultaneously solved using the SIMPLER algorithm. The 
results indicated that deformability of the wall caused an increase in the time average 
of pressure drop, but a decrease in the maximum wall shear stress.  
 
The mass transportation in a stenosed tube was recently investigated by Sun et al. 
(2006) by modelling the flow of blood and solute transport in the lumen and arterial 
wall. The Navier-Stokes equations and Darcy’s Law were used to describe the blood 
flow in the lumen and wall, respectively, with the convection-diffusion-reaction 
equations being used to model low density lipoprotein (LDL) and oxygen transport. 
The influences of wall shear stress (WSS) on arterial mass transport were studied. 
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The results showed elevated LDL concentration and reduced oxygen concentration in 
the subendothelial layer of the arterial wall in areas where WSS was low, suggesting 
that low WSS might be responsible for lipid accumulation and hypoxia in the arterial 
wall. 
 
1.2.2  Moving Constriction  
Up to date, the information on pulsatile flow passing through a moving constriction is 
still incomplete. There have been only a few studies to investigate the effects on the 
flow induced by the constriction motion, either in axial or radial directions.    
 
Axially Moving Constriction 
Historically, the moving constriction studies began with the investigations on 
peristaltic flows, in which the flow has negligible inertia effect and/or the peristalsis 
wave amplitude is small. The earliest models of peristaltic flow assumed trains of 
periodic sinusoidal waves in infinitely long two-dimensional channels or 
axisymmetric tubes (Shapiro 1967; Fung and Yih 1968; Shapiro et al. 1969; Yih and 
Fung 1969). These models revealed the basic pumping mechanism of the peristaltic 
flow and can be classified into to the following two major models.  
 
One is the model first proposed by Fung and Yih (1968), which is valid at arbitrary 
Reynolds number but with the restriction of small peristaltic wave amplitude. The 
governing equations of the flow thus were linearized by eliminating the nonlinear 
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terms and the analytical solution was derived. However, this restriction was found not 
realistic to explain the phenomena of “reflux” and “trapping”, which are the typical 
observations in the peristaltic flow.  
 
The other commonly used model, which was proved to be more realistic in later 
studies, is the lubrication-theory model introduced by Shapiro et al. (1969). This 
model has no restriction on the peristaltic wave magnitude, but requires negligible 
effects of fluid inertia and wall curvature, i.e. low flow Reynolds number. Therefore, 
linearized governing equation were adopted and solved by the lubrication theory. 
 
The lubrication-theory model was later adopted by Lykoudis and Roos (1970) to 
study non-sinusoidal waves in the peristaltic flow with Reynolds number order of one. 
Using Fourier analysis in defining the complete wave shape of the ureter, the 
numerical solutions were obtained. The pressure distributions of the numerical results 
demonstrated a good agreement with the experimental measurements, which showed 
the non-sinusoidal wave form can represent the ureter peristaltic motion. It was found 
that from the point of view of the pressure variation the important part of the 
peristaltic wave was the constricting part. They also developed an approximate 
equation for the flux and a universal relation was presented connecting the maximum 
pressure, flux and kinematic behaviour of the ureter.  
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As the peristaltic flows in the physiology usually are not Newtonian flows, some 
previous studies incorporated non-Newtonian fluid model into lubrication theory. 
Boehme and Friedrich (1983) studied the mechanism of peristaltic transport of an 
incompressible viscoelastic fluid. The results showed the influence by specific values 
of the complex viscosity of the fluid. There was an optimal wave speed, for which the 
memory of the fluid particles extended over several wave periods.  
 
In the study of Takabatake et al. (1982, 1988), Shapiro’s model was improved to 
solve the peristaltic flow with finite wave amplitudes, finite wavelengths and finite 
Reynolds numbers, where peristaltic pumping has a possibility of engineering 
application. A finite-difference technique with the upwind SOR scheme was adopted. 
The influences of the wave amplitude, wavelength and Reynolds number on the 
velocity, pressure and stress fields were investigated. They found that the appearance 
of peristaltic reflux depended upon the Reynolds number and the wave number.  
 
Carew and Pedley (1997) proposed a model for the coupled problem of wall 
deformation and fluid flow in peristaltic pumping, which was based on thin-shell and 
lubrication theories. They made use of the available experimental data on the 
mechanical properties of smooth muscle and accounted for the soft material between 
the muscle layer and the vessel lumen. Equations for the time-dependent problem in 
tubes of arbitrary length were derived and applied to the particular case of periodic 
activation waves in an infinite tube. Both analytical analyses which were limited to 
small wave amplitude and numerical analyses of this case were presented. Predictions 
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on phase-lag in wall constriction with respect to peak activation wave, lumen 
occlusion due to thickening lumen material with contracting smooth muscle, and the 
general bolus shape were in qualitative agreement with observation. It was found that 
the flow rate-pressure rise relationship was linear for weak to moderate activation 
waves; but as the lumen was squeezed shut, it was seen to be nonlinear in a way that 
increased pumping efficiency. They pointed out that in every case a ureter whose 
lumen could theoretically be squeezed shut was the one for which pumping was most 
efficient. 
 
In the recent study of Mulholland et al. (2005), the flow pattern in a tube with the 
presence of two simultaneously rotating constrictions was investigated. This type of 
motion was used to study the flow behaviour inside a working roller pump. It was 
found that the highest shear stresses occurred for the period when the roller pump 
tube was simultaneously occluded in two places. Eliminating or reducing this period 
of double occlusion would reduce the shear stress related blood damage caused by the 
roller pump. They also provided a blood damage prediction model, establishing a 
threshold shear stress value for the modeled exposure conditions and times. 
 
Radially Moving Constrictions  
Unlike the peristaltic flow, in general most of the moving constriction problems 
involve non-linear effect and full Navier-Stokes equations must be used, especially 
for large Reynolds number and large constriction moving amplitude. Due to the 
intrinsic complications of the moving boundary problems, such as severe mesh 
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distortion and numerical instability, there have been very few studies published, 
which began with the numerical studies of the steady flow passing through a moving 
constriction.  
 
Robertson et al. (1982) provided the numerical solutions for viscous steady flow 
through a plane channel in which a portion of the boundary transversely oscillated to 
change the flow. The Navier-Stokes equations were solved by using finite difference 
method in vorticity-stream function variables and a nonorthogonal geometric 
transform. Calculations were made for three incoming flow rates and oscillation 
frequencies. The results showed that the boundary pumpage relative to incoming flow 
rate decreased with inflow Karman number and with the oscillatory period of the 
boundary. The maximum shear stress, as indicated by the maximum vorticity, 
increased with Karman number and occurred when the boundary was in the 
maximum stenotic position. It did not change with boundary period of motion except 
for the case when the period was the smallest. It was also found that the channel 
pressure drop was significantly affected by the pumpage as well as the boundary 
nonuniformity. 
 
Later on, a moving indentation in one wall of a 2-D channel with steady incoming 
flow was investigated both experimentally (Pedley and Stephanoff 1985) and 
numerically (Ralph and Pedley 1988; 1990) for various Reynolds numbers and 
Strouhal numbers. In the experiment of Pedley and Stephanoff (1985), a train of 
propagating waves was observed to grow downstream of the moving constriction in 
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the experiment. Similar phenomenon was observed in the numerical work of Ralph 
and Pedley (1988; 1990). The numerical solutions of the Navier-Stokes equations 
were obtained in stream-function-vorticity form by using finite difference method. 
Leapfrog time-differencing and the Dufort-Frankel substitution were used in the 
vorticity transport equation, and the Poisson equation for the stream function was 
solved by multigrid methods. In order to resolve the boundary-condition difficulties 
arising from the moving wall, a time-dependent transformation was applied, 
complicating the equations but ensuring that the computational domain remained a 
fixed rectangle. They found that downstream of the moving indentation, the flow in 
the centre of the channel became wavy, and eddies were formed between the wave 
crests/troughs and the walls. Subsequently, certain of these eddies doubled, such that 
a second vortex centre appeared upstream of the first. It was found that the 
propagation speed of each vortex was inversely proportional to the Strouhal number, 
while its strength increased with Reynolds number. 
 
Recently, the above study has been extended to a 3-D asymmetric constriction by 
Anagnostopoulos and Mathioulakis (2004). Results of steady flow in the tube with a 
three-dimensional time-dependent asymmetric constriction were obtained by using 
finite volume element. The basic observations were flow separation and reattachment, 
vortex generation under and after the constriction, especially during the piston 
retracting phase. Due to the existence of secondary flow vortices, the flow in 3-D case 
did not have much in common with the corresponding 2-D case. Only close to the 
side tube walls the two flow fields looked somehow similar. The two vortices (one 
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next to the piston and another at the opposite bottom wall) were almost stationary in 
the 3-D channel, whereas in the 2-D case there were more vortices moving 
downstream. Moreover, the snake-type shape of streamline and propagating eddies 
which were found in the 2-D case were not observed in 3-D case. 
In the numerical studies of Damodaran et al. (1999, 2004), a pulsatile flow passing 
through an axisymmetric oscillating constriction was investigated. By using a finite 
volume approach with boundary fitted curvilinear coordinates, the numerical results 
were obtained for a range of Womersley number 5 ≤ α ≤ 10, Reynolds number 100 ≤ 
Re ≤ 200 and constriction oscillation amplitude ratio of 0.1. It showed that the 
presence of the moving boundary enhanced the unsteadiness in the flow behavior as 
the oscillating wall interacted nonlinearly with the pulsatile flow. As the constriction 
oscillation frequency increased, the waviness in the wall shear stress and the 
magnitudes of the wall pressure increased. The results indicated that the unsteady 
effects in the flow were increased by the frequency of the moving constriction.     
 
1.3  Objectives of Present Study 
 
1.3.1  Motivations 
One of the motivations was to extend the study of Damodaran et al. (1999, 2004) to 
include effects of larger constriction oscillation amplitude, higher Reynolds number, 
and phase lag between constriction motion and incoming flow pulsation. Another 
motivation was to understand the hemodynamics of massage therapy by hand or a 
mechanical device. If the therapy is of long duration, it is of interest whether the 
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radial or axial motion generates high shear stress that may cause trauma to the red 
blood cells and endothelial walls. The present study was also motivated by a possible 
application of using radially or axially moving constriction on the tube wall of a roller 
pump to enhance its flow pulsation. It has been shown that pulsatile perfusion 
improves vital-organ recovery after hypothermic cardiopulmonary bypass (Undar et 
al. 2001). 
 
1.3.2  Objectives  
The aim of this thesis was to study the pulsatile flow passing through a tube with a 
constriction that has prescribed radial or axial motion. The main objectives are 
outlined below: 
a. Analytical study of a radially-oscillating constriction with mild amplitude for low 
Reynolds number pulsatile flow. 
i. To develop a linear analytical approach as an extension of Womersley’s                     
    theory.  
ii. To derive a pressure-gradient versus velocity relationship.  
iii. To study the effect of the constriction oscillation amplitude. 
iv. To compare the results with those of a stationary constriction at the mean  
    position. 
 
b. Numerical studies of a radially or axially oscillating constriction with large 
amplitude for arbitrary Reynolds number pulsatile flow 
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i. To implement a robust and efficient Arbitrary-Lagrangian-Eulerian finite  
    element method for moving boundary problems.  
ii. To study the effects of the constriction oscillation amplitude as well as the  
    phase lag between constriction motion and incoming flow pulsation on the  
    flow behaviour. 
iii. To study the effects of Reynolds and Womersley numbers on the flow  
    behaviour. 
 
1.3.3 Scope  
The study was based on an axisymmetric, laminar flow model. Flow-structure 
interaction and flow instability were not considered as the constriction motions were 
prescribed, which was similar to previous studies. The elasticity of the tube wall was 
not included because it was stationary except for the constricted part. The scope of 
the present study was restricted to a moving constriction of which the frequency was 
the same as that of the incoming flow. The incoming flow was assumed to have a 
sinusoidal wave form with a non-zero mean value. In the analytical study, the 
maximum constriction oscillation amplitude was 0.10. In the numerical study, it was 
0.50. The Reynolds number and Womersley number adopted in the numerical study 
were within the physiological range, that is 10≤ Re ≤ 1000 and 0 ≤ α ≤ 15. 
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CHAPTER 2 METHODOLOGY 
 
2.1  Problem Description 
 
Consider a pulsatile flow in a straight circular tube with an axisymmetric moving 
constriction on the wall as shown in figure 2.1. Due to the axisymmetric geometry, 
only half of the tube is considered. As the constriction motion is most likely to be 
generated by the flow pulsation, the constriction motion is assumed to have the 
same frequency as the incoming flow pulsation.  
 
Figures 2.2 and 2.3 illustrate the constriction positions at various time instants for 
the radial and axial motions, respectively, where T is the period of the constriction 
motion and R0 is the radius of the undeformed tube.  
 
Figures 2.4 and 2.5 illustrate the computational domain for radially-oscillating and 
axially-oscillating constrictions, respectively. For simplicity, the constriction 
motion is prescribed as time-spatial-dependent. The constriction 

























    (2.1) 
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where z is the axial coordinate; t is the physical time; ε is the dimensionless 
constriction oscillation amplitude; θ is the phase lag between the constriction 
motion and the incoming flow pulsation; L is the constriction length. 
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In equation (2.2), ε is the dimensionless constriction ratio; z0 is the constriction 
starting point; L is the constriction length and D is the constriction axial oscillation 
range. It should be noted that the axially-oscillating constriction is simulated by a 
forward and backward moving wave.  
 
2.2  Analytical Approach 
 
Usually the exact solution of a fluid problem is difficult to obtain due to the 
non-linear convective terms of Navier-Stokes equations. In order to derive an 
analytical solution, assumptions to simplify the problem have to be made. Present 
analytical approach is developed on the basis of Womersley’s model (Womersley 




According to Womersley’s linear approximation for long wave, the undeformed 
tube radius R0 is assumed to be very small compared to the constriction length L, 
i.e. 
L
R0=σ  is small. This implies that the constriction should have a 
gradually-varying shape. The constriction is also assumed to move with small 
amplitude ε. Moreover, with the restriction of low Reynolds number, the 
Navier-Stokes equations can be linearized to derive an analytical solution. 
 
There have been many improvements and modifications to the initial Womersley’s 
model. Most of them are focused on the wave propagation (Atabek and Lew 1966; 
Cox 1969), sound generation (Anliker and Raman 1966) or spatial-varying tube 
cross-section (Ramachandra Rao 1983). However, the Womersley’s model has not 
been extended to deal with moving boundary problems. No analytical study has 
been reported for the flow involving a moving constriction.  
 
In the present work, attempts have been made to extend Womersley’s model to 
deal with a moving boundary problem. However, it should also be noted that due 
to the intrinsic relation with Womersley’s model, the present analytical approach 
is only valid when the convective inertia terms of the Navier-Stokes equations are 
negligible.  
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The continuity equation and Navier-Stokes equations of the motion of a viscous 
fluid inside a circular tube can be written as follows: 








































































ρ                 (2.4b) 
where z and r are the coordinates in the axial and radial directions, respectively; t 
is the physical time; u and v are the axial and radial velocity components, 
respectively; p is the static pressure; ρ is the flow density and µ is the flow 
dynamic viscosity. 
 
In order to obtain the linearized equations in the dimensionless form, the 
dimensionless variables 
T


























pp µ= are introduced, where 0U  and 0V  are the inlet peak 
spatial-average axial and radial velocities, respectively. It is noted that the 
pressure is non-dimensionlized by the viscous force instead of convective inertia, 
which implies that the flow has a small Reynolds number. From the continuity 






0 , which implies that the  
amplitude of the constriction oscillation is mild.  
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After substituting the dimensionless variables into equations (2.3) and (2.4) and 
dropping asterisks for brevity, the governing equations (2.3) and (2.4) are 
rewritten as: 






















































































ρ 00Re RU= is Reynolds number, which is the ratio of the flow 
convective inertia versus the flow viscous force; µ
ρπα fR 20= is Womersley 
number, which is the square root of the ratio of the time inertia versus the viscous 
force. 
 
In the present study, only the zeroth order approximation is considered, in which 
the terms of order σ and higher are neglected. The above equations are thus 
reduced to the following linear equations: 

























p                                                        (2.8b) 
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The following boundary conditions are imposed on the boundaries of the region of 
concern: 




u ,      0=v             at 0=r                          (2.9a) 
2. On the wall of the tube, the non-slip condition is imposed: 
0=u ,      
t
tzRStv ∂






0=  is Strouhal number, which is the ratio of the time inertia 




RR =  is the dimensionless tube wall 
boundary and R  is the tube wall shape defined in equations (2.1) and (2.2) for 
constriction radial and axial motions, respectively. For brevity, the asterisk of 
*R  in the rest of the study is dropped. It should be noted that in the boundary 
condition (2.9b), the tangential and normal velocities are replaced by the axial 
velocity u and radial velocity v, respectively. Based on the small constriction 
oscillation amplitude and negligible inertia assumptions, such approximation is 
valid.  
 
With the linear assumption, all the variables can be written as a sum of a series of 


















π                                           (2.10b) 



















π                                             (2.10d) 
where the overbar ‘ ¯ ’ denotes the steady time-mean component for individual 
variable; subscript ‘ n ’ denotes the nth order harmonic component; j is the unit 
imaginary number. Thus, the time-dependent and spatial-dependent terms for all 
the variables are separated. nu , nv , np , nR  are time-independent and time 
variable t only exists in the term of tnje π2 . The physical variables can 
subsequently be obtained by summing up the real parts of all the corresponding 
complex components. 
 
Substituting equations (2.10a) to (2.10c) into boundary condition (2.9), the 







u n ,      0== nvv                    at 0=r         (2.11a) 
0== nuu ,         ,0=v     nn StRnjv π2=         at Rr =         (2.11b) 
 
In order to obtain time-independent nth order components nu  and nv , the wall 
boundary condition (2.11b) is imposed at the mean position of the tube wall 
during one cycle, i.e. R . According to the assumptions of mild amplitude and 
gradually-varying constriction shape, the solution is considered valid with such 
approximation. 
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Substituting equations (2.10a) to (2.10c) into equations (2.7) and (2.8), the steady 
part of the governing equations can be derived as follows: 





















p                                                       (2.13b) 
 




































pdR                                             (2.15) 
 
In the following section, only the first order unsteady solution will be presented 
for brevity. The solution for the rest of orders can be derived by using the same 
procedure. The unsteady part of the governing equations is: 





















p                                                      (2.17b) 
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Note that equation (2.17a) is a zeroth order Bessel equation, thus, by 












1                                        (2.18a) 
where J0 is the zero order Bessel function. 
 
Substituting equation (2.18a) into continuity equation (2.16), 1v  is obtained: 












 −=                (2.18b) 
where J1 is the first order Bessel function. 
 
By applying the radial velocity wall boundary condition (2.11b) into equation 
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It is noted that in order to have time-independent 0u , 0v , 0p , 1u , 1v  and 1p , 





 in the equations (2.14), (2.15), (2.18) and (2.19) are 




∂ , respectively.   
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dp π21 ||| +=                                         (2.20) 
 






dp1  along the tube are obtained. The velocity field can 
subsequently be solved by summing up all the real components of the solution 
derived from equations (2.14) and (2.18). 
  
2.3  Numerical Method 
 
2.3.1  Arbitrary-Lagrangian-Eulerian Finite Element Method 
For the moving constriction with large amplitude, the disturbance induced by the 
constriction motion would cause severe mesh distortions of the fluid domain and 
lead to a highly nonlinear system. This kind of problems has remained analytically 
intractable.  
 
It is theoretically possible to deal with the moving boundary problems using a 
Lagrangian description. However, the severe mesh distortions of the fluid domain 
due to the moving boundary require frequent updating and re-meshing, which 
makes the Lagrangian description complicated and computationally inefficient.  
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A better choice is to use the Arbitrary-Lagrangian-Eulerian (ALE) finite element 
method, which allows the mesh of the fluid domain to move in an arbitrary way, 
but the mesh velocity must still satisfy the boundary conditions. It provides a 
hybrid description associated with a moving imaginary mesh which follows the 
fluid domain, instead of the fluid particles and the laboratory coordinates.  
 
In the ALE finite element method, the mesh velocity is equal to neither zero nor 
the velocity of the fluid particles. It varies smoothly and arbitrarily between both 
of them. This arbitrary mesh velocity keeps the movement of the meshes under 
control according to the physical problem, and it depends on the numerical 
simulation. More precisely, this method seems to be the Lagrangian description in 
zones and directions where “small” motion takes place, and the Eulerian 
description in zones and directions where it would not be possible for the mesh to 
follow the motion of the fluid.  
 
The important merits of the method are that it helps to keep the free surface, 
interfaces and solid boundaries with its suitable boundary conditions by moving 
the boundary and interior nodes. Meanwhile, the ALE finite element method that 
uses a simple re-zoning algorithm has been found to work very well for both 
simple and complex geometries. With such re-zoning treatment, the finite element 
mesh over the fluid domain will deform in accordance with the constriction 
motion.  
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Another important issue when solving the fluid equations is computation 
efficiency. Since the momentum and continuity equations governing the fluid are 
coupled, the direct implementation would require simultaneous solution of all 
these. Because of its elliptic nature, the continuity equation has to be solved in an 
implicit way. This approach, though correct and easy to implement, would lead to 
a rather time consuming formulation.  
 
In order to improve computation efficiency, Chorin (1968) introduced a fractional 
step approach, in which the continuity equation was decoupled from the 
momentum equations, and the momentum equations were also decoupled from 
each other. This approach is an efficient algorithm and can be conveniently 
implemented. It was later adopted in the finite element area by Donea et al. (1982). 
The ALE finite element method adopted in the present study is based on the 
fractional approaches proposed by Chorin (1968) and Choi (1997).  
 
2.3.2  Governing Equations and Boundary Conditions 
In the present numerical study, the flow domain and the definition of relevant 
values regarding the geometry are the same as those in the analytical study 
(figures 2.4 and 2.5). The flow is assumed fully developed at both inlet and outlet 
since the tube length used in the computation is much longer than the constriction 
influence range. 
 

























pp ρ=  are introduced, where u, v are the velocity components in r and z 
directions, respectively; p is the static pressure; ρ is the density of the fluid and 
0U  is the inlet peak spatial-average velocity. The pressure is non-dimensionlized 
by the flow convective inertia. Dimensionless mass conservation and momentum 
equations in cylindrical coordinates can thus be written into ALE finite element 


































































      (2.22b) 
where the asterisks of the dimensionless variables are dropped for brevity. uˆ , vˆ  
are the dimensionless axial and radial components of mesh velocity, respectively. 
 
Note that if the mesh velocity is the same as the fluid velocity ( uu ˆ= , vv ˆ= ), then 
the convection terms in the governing equations (2.22a) and (2.22b) disappear and 
the fluid particles are always located at the same mesh points, which is exactly the 
Lagrangian description. On the other hand, if the mesh velocity is zero 
( 0ˆ =u , 0ˆ =v ), then we simply recover the Eulerian description. 
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In the present numerical method, the mesh velocities are the time derivatives of 

















ˆ,ˆ                     (2.23) 
where meshz  and meshr  are the coordinates of the mesh grids in z and r directions, 
respectively; ∆t is the time interval; n and n+1 denote the current and subsequent 
time levels, respectively. 
 
The boundary conditions of the region of concern are listed below: 
1. On the wall of the tube, the non-slip condition is imposed: 




),(                       (2.24) 
where the normal velocity vtangential on the constriction wall is obtained from the 
derivative of the constriction shape functions (2.1) or (2.2) with regard to time t. 






u ,       0
0





p                     (2.25) 
3. At the inlet, the flow is assumed fully developed and a time-dependent 
Poiseuille velocity profile is imposed:  
)1)((),( 2rtUtru avginlet −=                                        (2.26) 
where avgU  is the inlet dimensionless spatial-average velocity and is 
non-dimensionlized by the inlet peak spatial-average velocity 0U .  
4. At the outlet, a parallel flow condition is assumed by setting the 
post-constriction region long enough so that the outlet flow is not influenced by 
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u ,    0=∂
∂
outletz
v                                      (2.27) 
 
Since the pressure is only a relative value in the computation, the outlet pressure is 
set to be zero while the inlet pressure is not specified: 
0=
outlet
p                                                     (2.28) 
 
2.3.3  Numerical Procedures 
The governing equations are integrated in time using an explicit three-step 
fractional method. In the present study, the fractional step method first proposed 
by Chorin (1968) is adopted. The term of the pressure gradient is decoupled from 
those of convection, diffusion and other external forces. In this procedure, the 
intermediate velocity does not necessarily satisfy the continuity equation. Hence, 
at the next step, the pressure is obtained from the continuity constraint. Finally, the 
velocity is corrected by the pressure. Equations (2.29) to (2.31) outline the 
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− +++ 111 1~                                         (2.31b) 
where ∆t is the time interval, overbar ~ denotes the intermediate value of variables 
and superscript n and n+1 denotes the current and next time levels, respectively.  
 
More specifically, the solution procedure using this algorithm is as follows: First, 
the intermediate velocities 1~ +nu  and 1~ +nv  are obtained from equations (2.29a) 
and (2.29b), with pressure being initially omitted. Then, the pressure is solved 
from a Poisson equation (2.30), which is derived by using the weak form of 
continuity equation. The end-of-step velocities 1+nu  and 1+nv  are corrected in 
equations (2.31a) and (2.32b) by applying the pressure. Same procedures are 
repeated by replacing the initial velocities nu  and nv  in equations (2.29a) and 
(2.29b) with the corrected end-of-step velocities un+1 and vn+1 until the 
convergence is obtained. These converged end-of-step velocities are the final 
velocities for time level n. Then, the time level is advanced to the subsequent time 
level n+1 and same procedure is repeated to get the solutions for time level n+1.  
 
To discretize equations (2.29) to (2.31), explicit schemes are adopted for the 
spatial and time discretizations. A conjugate gradient iterative approach with 
incomplete Cholesky preconditioner is then applied to solve the derived algebraic 
equations.  
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2.3.4  Finite Element Discretization 
In the present numerical study, 4-node bilinear elements for all the variables are 
used to discretize the equations (2.29) to (2.31) on the entire flow domain. 
Pressure is placed at the same node as the velocity. Figure 2.6 illustrates the 
transformation of an arbitrary 4-node element from the physical domain (z, r) to a 
unit element in the computational domain (ξ, η). A bilinear trial function Ni (i = 1, 
2, 3, 4) defined in equation (2.32) is adopted to interpolate the velocities through 











iiiN ηξηξ      i =1, 2, 3, 4                     (2.32) 
 








































ii pNp ηξ                                                    (2.33e) 
 
The momentum and continuity equations can thus be discretized by using a 
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Galerkin method where the weighting function is same as the trial function. The 
weak formulation of the momentum equation is derived by multiplying a 
weighting function and integrating over the spatial domain of the problem. A 2×2 
Gauss quadrature rule shown in equation (2.34) is used in the spatial integration: 
⋅=⋅=⋅ ∫∑ ∑∑∫ ∫















jijiii NdNddN ηξωωηηξωηξηξ              (2.34) 
]3478548451.0,6521451549.0,6521451549.0,3478548451.0[=ω ; 
]8611363116.0,3399810436.0,3399810436.0,8611363116.0[ −−=ξ ; 
]8611363116.0,3399810436.0,3399810436.0,8611363116.0[ −−=η . 
where ω , ξ  and η  are the constants of the Gaussian integration. 
 
In the following sections, the discretizations of the governing equations (2.29) to 
(2.31) are demonstrated. First, inserting the interpolated variables (2.33) into 
equations (2.29a) and (2.29b) and then integrating them spatially by using Gauss 
quadrature rule, two algebraic equations for intermediate velocities 1~ +nu  and 
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      (2.35b) 
j =1, 2, 3, 4 
where Ω is the element domain and Γ is the boundary of the element.  
 
In the finite element discretization of the pressure Poisson equation (2.30), it is 
necessary to prescribe appropriate pressure boundary conditions. Note that 
although the Laplacian operator allows an efficient formulation of the pressure 
equation, it generates a numerical error resulting from the divergence-free 
constraint so that the accuracy of the continuity equation strongly depends on the 
pressure boundary condition. Therefore, in the present study, the pressure 
boundary condition proposed by Choi et al. (1997) is adopted, with the weak 























iij              (2.36) 
i, j =1, 2, 3, 4 
where ni is the outward unit normal vector on the boundary Γ surrounding the 
spatial domain Ω. This is the cost that has to be paid for using a simple and 
efficient equal-order-based finite element formulation of the pressure equation in 
the fractional step method. For more detailed discussions, see references (Gresho 
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and Chan 1990; Dukowicz and Dvinsky 1992; Tabarrok and Su 1994). 
 
Subsequently, substituting the intermediate velocities 1~ +nu , 1~ +nv and pressure 
1+np  into equations (2.31a) and (2.31b), the discretized equations for the 
























































j                        (2.37b) 
j =1, 2, 3, 4 
 
Thus, the corrected velocities are substituted into the mass conservation equation 
(2.21) and the residue of the equation is calculated. If the residue is less than 10-6, 
the computation is considered converged and the corrected velocities are the 
end-of-step solution for current time level. Otherwise, the corrected velocities are 
used as initial guess in equations (2.35a) and (2.35b) and the same procedure will 
be repeated until the convergence criterion is met.    
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CHAPTER 3  
VALIDATION OF NUMERICAL METHODS 
 
In order to validate the present numerical method, the numerical codes are used to 
solve two cases, i.e. the flow in a constricted tube in section 3.1 and the flow 
passing through a radially-oscillating constriction in section 3.2. The results 
obtained by the present numerical codes are compared with those obtained by other 
researchers. In section 3.3, the verification of present analytical approach is also 
made by comparing with the results of pulsatile flow in a tube with a 
radially-oscillating constriction obtained by present numerical method. 
 
3.1  Pulsatile Flow in a Circular Tube with a Stationary Stenosis  
 
A simple pulsatile flow in a circular tube with a stationary stenosis for Reynolds 
number Re = 50 and Womersley number α = 10 was solved by the present 
Arbitrary-Lagrangian-Eulerian finite element method. The results are compared 
with those obtained by Huang et al. (1995), who adopted a standard 
stream-function-vorticity finite difference approach in a body fitted coordinate 
system.  
 
As shown in figure 3.1, the geometry of the stenosis can be described by the 











tzR     
22
LzL ≤≤−                        (3.1) 
where R0 is the radius of the undeformed tube, R is the stenosis shape, ε = 0.25 is 
the dimensionless stenosis ratio, z is the axial coordinate and L = 2 is the stenosis 
length.  
 
At the inlet, a sinusoidal velocity profile as shown in figure 3.2 is imposed: 
)sin(1)( ttU +=                                                (3.2) 
where U is the inlet dimensionless spatial-average velocity and t is the 
dimensionless time, which is the ratio of the physical time over the period of the 
pulsatile flow.   
 
The instantaneous streamline contours of the present numerical results are shown 
in figure 3.3 for every eighth of the cycle. In the first quarter of the cycle, there is 
no flow separation throughout the tube even when the flow reaches its maximum 
value at t = 0.25. At t = 0.375, a small vortex starts to form in the downstream 
concavity of the stenosis. From t = 0.375 to 0.75, due to the flow deceleration, the 
vortex grows in size rapidly and a similar vortex is formed in the upstream 
concavity of the stenosis. After the flow reaches its minimum value (zero flux) at t 
= 0.75, the vortices die down rapidly. At t = 1, the flow contour becomes smooth 
again. 
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The streamline contours obtained by Huang et al. (1995) are plotted in figure 3.4. 
From the comparison of figures 3.3 and 3.4, it can be seen that the results obtained 
by the present numerical code match Huang’s results very well. This agreement 
shows that the present numerical method can handle problems with pulsatile flow 
and complicated geometry.  
 
3.2 Flow in a 2-D Channel with a Moving Indentation on One Wall 
 
In order to further demonstrate the capability of handling moving boundary 
problems, the present numerical code was used to solve the flow in a 2-D channel 
with a moving indentation on one wall. The results are compared with the 
experiment results published by Pedley and Stephanoff (1985) and the numerical 
results obtained by Ralph and Pedley (1988). In the numerical study of Ralph and 
Pedley (1988), a leapfrog time differencing finite difference scheme in 
stream-vorticity form was adopted.  
 
The computational domain is sketched in figure 3.5. All values regarding the 
geometry are non-dimensionalized by the channel width. The basic parameters 
involved in this problem are, Reynolds number µ
ρ DU 0Re = , where U0 is the 
mean bulk velocity, D is the tube diameter and µ is the dynamic viscosity; Strouhal 
number 
0U
fDSt = , where f is the frequency of the indentation motion, and finally 
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the dimensionless amplitude of the constriction 
D
h=ε , where h is the amplitude 
of the constriction motion. It should be noted that the definition of Re and St for 
the flow passing a 2-D channel is different from that for the flow through an 
axisymmetric tube (see page 28~29). Here the width of 2-D channel should be 
used as characteristic length in the definition of Re and St instead of the tube 
radius in axisymmetric tube. 
 
The time-varying displacement on the bottom wall of the channel can be 
expressed in the following separable form: 
)()(),( thxgtxF =                                                (3.3) 
where x is the coordinate in the channel longitudinal direction and t is the 
dimensionless time. 
 
At t = 0, a portion of the bottom wall starts to move, with h(t) given by: 
[ ])2cos(1
2
)( tth πε −=                                             (3.4) 
Where ε = 0.38.  
 






















                 (3.5) 
CHAPTER 3                  VALIDATION OF NUMERICAL METHOD 
48 
where β = 4.14. 
 
The flow upstream of the moving indentation is fixed as that in the experiments of 
Pedley and Stephanoff (1985). The upstream and downstream boundary 
conditions are parallel flow at infinite distance from the indentation with the 
upstream flow being of Poiseuille form. Pressure at the outlet is identically zero 
and at the inlet it is not specified. 
 
Case I in the numerical work of Ralph and Pedley (1988), where Re = 507 and St 
= 0.037, was selected to validate the present numerical codes. Test runs were 
conducted and a uniform 800×50 mesh scheme, which was proven to be 
grid-independent, was adopted.  
 
The instantaneous streamline contours obtained by the present numerical codes at 
various time instants are plotted in figure 3.6. Between t = 0.20 and 0.30, first 
eddy starts to form in the indentation downstream near the bottom wall. A second 
eddy of opposite sign forms on the top wall some distance downstream of first 
eddy. As time increases, eddies kept on forming until there is a sequence of such 
eddies with alternating sign on top and bottom wall. These eddies are 
alphabetically labeled with A, B, C and D.  
 
During the second half of the cycle, eddy doubling occurs in eddy B. At first, eddy 
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B is formed symmetrically between the separation and reattachment points. Later, 
it becomes more concentrated towards the reattachment point and a secondary 
counter-rotating separation is gradually developed between the separation point 
and eddy B. Thus, eddy B is divided into two co-rotating eddies. In the last quarter 
of the cycle, this secondary eddy shrinks and disappears quickly.  
 
With the lapse of time, these eddies travel towards the downstream of the channel. 
Meanwhile, the lateral extent of existing eddies and the amplitude of the core 
flow’s waviness also increases. The wave front propagation speed (group velocity) 
is considerately greater than individual eddy traveling speed (phase velocity). As 
time further increases, all eddies and the flow waviness dies down quickly. 
Comparing figure 3.6 with the numerical results of Ralph and Pedley (1988, figure 
4), a good agreement is observed.   
 
The positions of eddy B, C and D of the present numerical results are compared 
with pervious experiment measurement (Pedley and Stephanoff 1985) and the 
numerical results (Ralph and Pedley 1988) in figure 3.7. The positions of these 
vortices were estimated from the turning points in the axial variation of the stream 
function at the centerline of the channel. The comparison shows a good agreement. 
It confirms that the present numerical method can successfully reproduce the 
mechanism of the flow with such unsteadiness induced by moving boundary.   
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3.3  Comparison between Analytical and Numerical Methods: Low 
Reynolds Number Pulsatile Flow in a Tube with a Radially-oscillating 
Constriction 
 
In this section, low Reynolds number pulsatile flow in a tube with a 
radially-oscillating constriction is solved by the present analytical approach for a 
variety of constriction moving amplitude ε. The results obtained from present 
analytical approach are compared with the results obtained by present numerical 
method.  
 
Figure 3.8 illustrates the flow domain at full constriction, where z and r are the 
coordinates in axial and radial directions, respectively; L is the dimensionless 
constriction length. All of the geometric parameters are non-dimensionlized by 
R0. The constriction length L is set as 20 in the present analytical study. The 
constriction throat, i.e. the narrowest location along the tube, is located at z = 0. 























   (3.6) 
 
t is the dimensionless time, scaled by the constriction oscillation period T. A 
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simple sinusoidal pressure gradient is imposed at the inlet as shown in Fig.3.9. 
Womersley number α and Strouhal number St adopted in the present study are 
3.34 and 4.5×10-3, respectively, which are the data measured in the canine femoral 
artery (McDonald 1955; Daly 1976). 
 
Fig.3.10a~3.10d give the comparison of variation of outlet flow rate within one 
cycle between the analytical solution and the numerical results for ε = 0.05, 0.10, 
0.15 and 0.20. The results show that the flow rate variation in one cycle is 
approximately a sinusoidal curve since the flow is subjected to a sinusoidal 
pressure gradient. For small constriction moving amplitude, i.e. ε = 0.05, the 
analytical solution and numerical results are identical to each other. With 
increasing ε, the maximum flow rate in the numerical results is slightly smaller 
than that in the analytical solution. For larger ε, the difference in the flow rate 
becomes more obvious. 
 
The comparison shows that when the constriction moving amplitude ε is mild, i.e. 
ε is not more than 0.10, present analytical approach can still be adopted since the 
non-linearity in the flow is not dominant. For a larger constriction moving 
amplitude ε, the analytical approach cannot predict the nonlinear flow behaviour 
due to the intrinsic linear nature of this approach. 
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CHAPTER 4 RESULTS AND DISCUSSION 
  
4.1 Analytical Study of Pulsatile Flow through a Radially-Oscillating 
Constriction 
 
Usually the exact solution of a fluid problem is difficult to obtain due to the 
nonlinear convective terms of Navier-Stokes equation. However, with the 
restrictions of low Reynolds number, mild constriction oscillation amplitude and 
gradually-varying constriction shape, it can be solved by the present linear 
analytical approach. 
 
4.1.1 Problem Definition 
This section considers low Reynolds number flow through a circular tube with a 
radially-oscillating axisymmetric constriction. A sinusoidal pressure gradient is 
specified at the inlet. For simplicity, the tube wall is assumed rigid except for the 
constricted segment. Due to the symmetric geometry, only half of the domain is 
considered. Figure 4.1 illustrates the constriction positions at various time instants. 
t is the dimensionless time, scaled by the constriction oscillation period T. 
 
During one cycle, the constriction oscillates inwards-and-outwards. The 
instantaneous size of oscillating constriction varies from zero to its maximum 
value ε, where ε is the dimensionless full amplitude of the constriction oscillation, 
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non-dimensionlized by the radius of the undisturbed tube R0. As this motion is 
most likely to be generated by the flow pulsation, the constriction is assumed to 
oscillate at the same frequency as the pulsatile incoming flow.  
 
The flow domain at full constriction is shown in figure 4.2, where z and r are the 
coordinates in axial and radial directions, respectively; L is the dimensionless 
constriction length. All of the geometric parameters are non-dimensionlized by 
R0. The constriction length L is set as 20 in the present analytical study. The 
constriction throat, i.e. the narrowest location along the tube, is located at z = 0. 























 (4.1)  
 





inlet π−−=                                            (4.2) 
 
Womersley number α and Strouhal number St adopted in the present study are 
3.34 and 4.5×10-3, respectively, which are the data measured in the canine femoral 
artery (McDonald 1955; Daly 1976). 
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4.1.2 Flow Characteristics 
The results for a radially-oscillating constriction with amplitude ε = 0.10 are first 
presented. The constriction motion is assumed to be in phase with the pressure 
gradient pulsation. That is, when inlet pressure gradient reaches its negative 
maximum value at t = 0 and 1.0, the constriction is at zero constriction position 
and the tube is fully open. When the inlet pressure gradient reaches its zero value 
at t = 0.50, the constriction is at its narrowest position where the instantaneous 
size of the constriction is 0.10. During one cycle, the average size of the 
oscillating constriction is 0.05. 
 
The axial velocity obtained from equations (2.14a) and (2.18a) is a complex value. 
Its modulus represents the oscillation amplitude of the real physical axial velocity 
and is determined by that of corresponding pressure gradient component. It is thus 
interesting to study the distribution of pressure gradient moduli, which consists of 
steady and fluctuating components.  
 
Figure 4.4a gives the distribution of the steady pressure gradient modulus along 
the tube. It shows that the steady pressure gradient modulus has a maximum value 
at a point slightly downstream of the constriction throat. It was also found that 
downstream steady pressure gradient modulus is the same as that in the upstream.  
 
Figure 4.4b shows the distribution of the first harmonic pressure gradient modulus 
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along the tube. Similar to figure 4.4a, a maximum first harmonic pressure gradient 
modulus occurs in the downstream vicinity of the constriction throat. From 




∂  will 
contribute to the unsteady components of the pressure gradient. As a result, the 
magnitude of the first harmonic pressure gradient modulus in the downstream is 
higher than that in the upstream. This is different from the steady pressure 
gradient modulus in figure 4.4a which depends on the slope of constriction, and 
clearly demonstrates the influence of the constriction motion on pulsatile pressure 
gradient. The observation is in line with the numerical simulation results by 
Damodaran et al. (1999) as discussed in Chapter 1, which indicates that the 
unsteady effects in the flow created by the moving wall increase with an increase 
in the constriction moving frequency.  
 
The effect of the constriction motion can be further clarified by comparing the 
results with those obtained from a stationary constriction with the same average 
constriction size. Distribution of pressure gradient moduli for a stationary 
constriction of constant size ε = 0.05 is illustrated in figure 4.5, where ε represents 
the constriction ratio to the tube radius. For an oscillating constriction, the steady 
pressure gradient modulus in figure 4.4a is the same as that of a stationary 
constriction in figure 4.5a. This is because the steady pressure gradient (equation 
(2.15)) does not have any term involving constriction motion.  
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It was also found that for the oscillating constriction in figure 4.4b, the peak value 
of the first harmonic pressure gradient modulus is higher than that for the 
stationary constriction. Moreover, the oscillating constriction has a higher 
downstream first harmonic pressure gradient modulus than its upstream value; 
while for the stationary constriction the upstream and downstream moduli are the 
same. Thus, it can be concluded that the constriction motion will amplify the 
fluctuation of the pressure gradient in both the constriction region and 
downstream region. However, the stationary constriction will only affect the 
pressure gradient in the constriction region. 
 
Figure 4.6 shows the comparison of centerline axial velocity variation between 
oscillating constriction and stationary constriction at two different locations, the 
constriction throat (figure 4.6a) and z = 30 downstream region (figure 4.6b). At 
both locations the oscillation amplitudes of the centerline axial velocity are 
increased because of the oscillating constriction motion. This is consistent with 
the finding that the unsteady pressure gradient modulus increases in the 
constriction and its downstream regions. It is also noted that compared to the 
stationary constriction, the oscillating constriction creates slightly larger phase lag 
in the axial velocity with regard to the inlet pressure gradient.  
 
The comparison of upstream and downstream centerline axial velocity variations 
for the oscillating constriction is plotted in figure 4.7a and that for the stationary 
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constriction is shown in figure 4.7b. It is clear that the fluctuation of the axial 
velocity is amplified by the constriction motion. However, this does not happen in 
the stationary constriction case. In figure 4.7a the inward motion of the 
constriction results in a larger axial velocity during t = 0 to 0.50; while its outward 
motion during t = 0.50 to 1.0 leads to a smaller axial velocity value. That is, as 
compared with a stationary constriction, an oscillating constriction increases the 
axial velocity when it is compressing the artery. It also indicates that the present 
moving constriction problem cannot be solved by a quasi-steady approach since 
the rate of change of constriction is important.  
 
Wall vorticity is another important parameter as it is proportional to wall shear 
stress (O’brien and Ehrlich 1985) and plays a crucial role in the early stage of the 
atherosclerosis (Ku et al. 1985). It is believed that high wall shear stress may result 
in haemolysis (Leverett et al. 1972) and platelets aggregation (Hung et al. 1976; 
Ikeda et al. 1991), and thereby induce thrombosis which can totally block the flow 
(Ku 1997). It may also cause atheromatous plaque disruption and subsequent 
embolization (Giddens et al. 1993b). Ku et al. (1985) also found that low and 
oscillating wall shear stress caused by the unsteady flow separation could prompt 
intimal thickening and growth of stenosis, which may cause unfavorable 
hemodynamic changes such as elevated wall shear stresses, flow separation, 
recirculation and flow stagnation. 
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Figures 4.8a and 4.8b show the distributions of wall vorticity along the tube at 
selected time instants for oscillating and stationary constriction, respectively. For 
both cases the magnitude of the wall vorticity oscillates due to the inlet pulsatile 
pressure gradient. For the stationary constriction the location of the peak wall 
vorticity is fixed at a point slightly downstream of the constriction; while in the 
oscillating constriction case it oscillates within a short distance between the two 
sides of the constriction throat.  
 
It is also noted that for the stationary constriction, the downstream wall vorticity is 
always the same as that in the upstream. However, for the oscillating constriction, 
when the constriction moves inwards during t = 0 to 0.5, the downstream wall 
vorticity is larger than that in the upstream; when the constriction moves outwards 
during t = 0.50 to 1.0, the downstream wall vorticity is smaller than that in the 
upstream. This is due to the difference between the upstream and downstream 
axial velocities caused by the constriction motion as shown in figure 4.7a. During 
t = 0 to 0.50, inward moving constriction pushes more flow into downstream 
region and more friction is created against the tube wall. During t = 0.50 to 1.0, 
due to the opening up of the tube, less flow enters the downstream region and less 
friction is generated.   
 
In figure 4.9, the comparison of the wall vorticity variations between the 
oscillating constriction and stationary constriction is presented. Similar to the 
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centerline axial velocity in figure 4.6, the oscillating constriction increases the 
oscillation amplitudes of the wall vorticity in both the constriction throat and 
downstream region. It should be noted that due to the minimum instantaneous 
axial velocity around t = 0.75 (figure 4.6), the minimum wall vorticity also occurs 
around t = 0.75 although the instantaneous constriction size is near to its 
maximum.  
 
4.1.3 Effect of Constriction Oscillation Amplitude ε 
The effect of the constriction oscillation amplitude ε is studied by comparing the 
results for the straight tube with those for various constriction oscillation 
amplitudes. In this section, the results for ε = 0.05 and 0.10 are selected to 
compare with those of the straight tube (ε = 0.0). For large constriction oscillation 
amplitude (ε > 0.10), due to the effect of increasing flow convective inertia, the 
present analytical approach is no longer valid since it is based on the small inertia 
assumption. The solutions for large constriction oscillation amplitude (ε > 0.10) 
will be obtained by using numerical method, which is presented in the section 4.2.   
 
Figure 4.10 shows the comparison of pressure gradient modulus distributions for ε 
= 0.0, 0.05 and 0.10. It is found that the straight tube has the minimum pressure 
gradient moduli. The pressure gradient moduli increase rapidly in both 
constriction and downstream regions for large constriction oscillation amplitude. 
As a result, the amplitudes of centerline axial velocity at the constriction throat 
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and downstream region increase accordingly as shown in figure 4.11. It is also 
shown that for larger constriction oscillation amplitude, the phase lag of the axial 
velocity becomes slightly larger; however, the wave form is not distorted much.  
 
Similar conclusion can be obtained from the comparison of wall vorticity 
variations at the constriction throat and downstream region, as shown in figure 
4.12. As the constriction oscillation amplitude increases, the wall vorticity 
oscillates with larger amplitude in both constriction throat and downstream region.  
 
4.2 Numerical Study of Pulsatile Flow through a Radially-Oscillating               
Constriction 
 
4.2.1 Problem Definition 
In this section, a pulsatile flow (waveform shown in figure 4.13) passing through a 
tube with a radially-oscillating axisymmetric constriction is investigated. The flow 
domain is the same as that in the previous section (figure 4.2). However, in the 
present numerical study, the constriction has a longer length, which is 4. The total 
length of the flow domain is 50, in which the lengths for the pre-constriction and 
post-constriction region are 10 and 36, respectively. 
 
A dimensionless radial motion is prescribed on the constriction, which is defined 
as follows: 























    (4.3) 
where θ is the phase lag between the constriction motion and the incoming flow 
pulsation.  
 
A pulsatile flow oscillating in a sinusoidal waveform is specified at the inlet. The 
dimensionless inlet spatial-average velocity as shown in figure 4.13 is defined as: 
)2cos(5.05.0)( ttU avg π+=                                         (4.4) 
where avgU is the inlet dimensionless spatial-average velocity, non-dimensionlized 
by the peak inlet spatial-average velocity 0U ; t is the dimensionless time, scaled 
by the period of the constriction motion.   
  
The positions of the constriction at various time instants are illustrated in figure 
4.1 when the constriction motion is in phase with the incoming flow pulsation. 
That is, the constriction is at its zero deformation position and the tube is fully 
open at t = 0 when the instantaneous incoming flow is the maximum; the 
constriction is at its narrowest position (ε) at t = 0.50 when the instantaneous 
incoming flow is the minimum.   
 
The effects of the constriction oscillation amplitude ε, the phase lag θ of 
constriction oscillation with regard to pulsatile incoming flow, peak incoming flow 
CHAPTER 4                              RESULTS AND DISCUSSION 
62 
Reynolds number Re and Womersley number α are investigated. The case with ε = 
0.50, θ = 0˚, Re = 391 and α = 3.34 is considered as the basic case. The peak 
Reynolds number and Womersley number used in the basic case are the data 
measured in canine femoral artery (McDonald 1955; Daly 1976). The Strouhal 




α=St , is 4.5×10-3. Test runs are conducted until 
the grid-independent solution is obtained for mesh size 500×30.  
 
4.2.2 Description of the Basic Flow 
Unsteady nature of flow can be understood by studying the streamline contours, 
which is shown in figure 4.14. The streamlines are observed to intersect with the 
tube wall as there is a non-zero radial velocity imposed on the constriction wall. 
 
In the first quarter of the cycle (t = 0 to 0.25) when the constriction moves inwards 
from zero constriction position to its mean position, no flow separation is observed 
due to the mild instantaneous constriction size. With further occlusion in the 
constricted region after t = 0.25, a counter-clockwise rotating vortex starts to form 
downstream of the constriction. Nevertheless, due to the deceleration of the 
incoming flow, a complementary vortex with the same counter-clockwise nature 
appears in the constriction upstream at sometime between t = 0.35 and 0.40. As the 
incoming flow approaches zero flux at t = 0.45, both vortices shed from the wall, 
resulting in two large recirculating rings. By t = 0.50 (zero flux), the whole flow 
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region is occupied by the remnants of these detached vortices. After t = 0.50, the 
incoming flow enters its acceleration phase and the constriction starts to move 
outwards as well. By t = 0.55, the recirculation zones is already smoothed away by 
the upstream flow. No flow separation is observed subsequently.  
 
It is found that the flow development in the basic case is different from those in the 
studies of Ralph and Pedley (1988) and Damodaran et al. (1999, 2004) in which 
wavier flow with more vortices is observed, especially when the constriction 
moves outwards. The discrepancy is due to a much smaller Womersley number 
(3.34) adopted in the present basic case, compared to the Womersley number of 
around 10 in their works. In the present study, more complicated flow behaviour is 
observed for larger Womersley number and will be presented later.  
 
As mentioned previously, the stationary constriction assumption may overshadow 
the unsteady nature of the arterial stenosis, since the stenosis may oscillate as a 
result of the blood flow pulsation and blood vessel elasticity. In order to clarify the 
effect of the constriction motion, the results of the basic case are compared with 
those obtained in the stationary constriction case. Figure 4.15 shows the streamline 
contours for a stationary constriction with ratio ε = 0.50. Compared to oscillating 
constriction, the downstream vortex is much bigger and its duration is much longer. 
Thus, the stationary constriction assumption may lead to an exaggerated flow 
separation in the constriction downstream region. However, no difference in the 
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upstream vortex development was found as it is mainly caused by the incoming 
flow deceleration. 
 
Figure 4.16 illustrates the distributions of axial velocity along the tube centerline at 
various time instants for the basic case. During one cycle, the velocity magnitude 
varies with the pulsatile incoming flow. A local maximum axial velocity occurs 
slightly downstream of the constriction throat, except at t = 0.50 when the 
incoming flow has zero flux and at t = 0 when the tube is fully open. At t = 0.50, a 
stagnant point was found at the constriction throat where two recirculating rings 
intersect (figure 4.14j).  
 
The distributions of wall vorticity at corresponding time instants are given in figure 
4.17. The wall vorticity magnitude varies with the incoming flow pulsation and the 
constriction motion. A maximum wall vorticity occurs slightly upstream of the 
constriction throat due to the area reduction in the constriction region. With the 
expansion of the tube lumen and flow separation, the wall vorticity drops to a 
minimum value just after the constriction throat.  
 
The onset and development of vortices can be traced through the variation of the 
sign of wall vorticity. Change in the sign of wall vorticity from positive to negative 
indicates flow separation, and that from negative to positive indicates a 
reattachment. Figure 4.17 shows that from t = 0 to 0.25 the wall vorticity is always 
CHAPTER 4                              RESULTS AND DISCUSSION 
65 
positive, indicating no flow separation occurred. As time elapses, the minimum 
wall vorticity behind the constriction throat decreases. At sometime between t = 
0.25 and 0.30, it becomes negative, indicating a flow reversal. Similarly, the 
negative wall vorticity upstream of the constriction throat occurring at t = 0.40 
shows that the flow separates in the constriction upstream. Moreover, at t = 0.40 all 
the wall vorticity along the tube becomes negative. It is consistent with previous 
observation that the whole region is occupied by the recirculating flow. The small 
magnitude of wall vorticity at t = 0.50 shows that the vortices are weak in strength 
due to zero incoming flux. After t = 0.55, wall vorticity becomes positive again 
since the recirculating flow is smoothed away by the incoming flow.   
 
In figure 4.18, the variation of throat wall vorticity during one cycle in the basic 
case is compared with that in the stationary constriction case. For the oscillating 
constriction, two peak wall throat vorticity occur at around t = 0.25 and 0.75. This 
indicates that the throat wall vorticity is determined by the interaction of the 
incoming flow magnitude and the constriction position. For the stationary 
constriction, the peak throat wall vorticity occurs at t = 0 and 1.0 when the 
incoming flow is at its peak flux. The comparison shows that the oscillating 
constriction has a much smaller throat wall vorticity than a stationary constriction 
does. It indicates that the stationary constriction assumption may overestimate the 
wall vorticity and the wall shear stress.  
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The effect of constriction motion can be revealed by comparing the wall vorticity 
distribution with that in the quasi-steady constriction case at the same constriction 
position, as shown in figure 4.19. For the quasi-steady constriction, the constriction 
ratio ε is 0.25, which is the same as the instantaneous constriction sizes at t = 0.25 
and 0.75 in the basic case.  
 
At t = 0.25, the inward-moving constriction creates slightly larger wall vorticity 
than the quasi-steady constriction in the constriction region and its downstream 
region. Conversely, at t = 0.50, the outward motion generates a slightly smaller 
wall vorticity. The comparison shows that the oscillating constriction can amplify 
the fluctuation of wall vorticity in the constriction region and its downstream 
region. However, the difference between these two cases is small due to the small 
Womersley number of 3.34. With the increase of Womersley number, a more 
distinguished difference can be observed, as discussed later.  
 
Figure 4.20 gives the pressure distributions along the tube wall at selected time 
instants. The oscillation of the wall pressure magnitude corresponds to the 
incoming flow pulsation. At t = 0 and 0.50 when the constriction is at zero position 
and at full amplitude position respectively, the wall pressure decreases linearly 
along the tube. Other than these two time instants, a sudden pressure drop was 
found in the converging part of the constriction, as the flow is accelerated there. 
After passing the constriction throat, the flow decelerates due to the expansion of 
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the tube lumen, resulting a partial pressure recovery. The wall pressure drop across 
the constriction varies with the oscillating constriction size.  
 
In figure 4.21, the wall pressure distribution for the oscillating constriction is 
compared with that for the quasi-steady constriction at the time instants t = 0.25 
and 0.75. It can be seen that the pressure drop across the constriction increases 
slightly when the constriction moves inwards and vice versa when the constriction 
moves outwards. As mentioned earlier, the small difference between theses two 
cases is due to the small Womersley number of 3.34. 
 
4.2.3 Effect of Constriction Oscillation Amplitude ε 
The results for various constriction oscillation amplitudes ε = 0.30, 0.40 and 0.50 
are presented in this section. The phase lag θ, Reynolds number Re and Womersley 
number α are identical to those in the basic case. Similar flow development is 
observed for ε = 0.30, 0.40 and 0.50, but the size of the recirculation zone 
decreases with the constriction oscillation amplitude. The streamlines are not 
presented here for brevity.  
 
Since the peak throat wall vorticity occurs at around t = 0.25 and 0.75 (see figure 
4.18), the wall vorticity distributions for ε = 0.30, 0.40 and 0.50 are compared at 
these two time instants, as shown in figure 4.22. The throat wall vorticity 
increases with the constriction oscillation amplitude. The comparison also shows 
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that the minimum wall vorticity in the constriction downstream is smaller for 
larger ε. This is because the size of flow recirculation zone in the constriction 
downstream increases for larger constriction oscillation amplitude, resulting more 
severe drop of the wall vorticity.  
 
Figure 4.23 presents the comparison of the instantaneous wall pressure 
distributions for various ε at t = 0.25 and 0.75. As the cross-section area in the 
constriction region decreases for large constriction oscillation amplitude, the axial 
velocity in this region increases. As a result, it causes more pressure drop across 
the constriction, as shown in figure 4.23.  
 
4.2.4 Effect of Phase Lag θ  
According to Womersley’s theory (1955), the blood flow pulsation is not in phase 
with the pressure wave. Hence, it is important to study the phase lag between the 
constriction oscillation and flow pulsation, as the constriction oscillation is induced 
by the pressure variation.  
 
Results of constriction motions with phase lag of 90°, 180° and 270° behind the 
incoming flow pulsation are compared with those of the basic case where θ = 0˚. 
Figure 4.24 shows the constriction positions at different time instants for θ = 0˚, 
90˚, 180˚ and 270˚ as compared to the incoming flow pulsation. 
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It was found that among these four phase lags, the case with θ = 180˚ has the most 
distinct flow behaviour from the basic case. Hence, only the streamline contours 
for θ = 180˚ are plotted as shown in figure 4.25. It shows that the constriction 
moves inwards when the incoming flow increases, while it moves outwards when 
the incoming flow decreases. Compared to the streamlines in figure 4.14 (θ = 0˚), 
the downstream vortex for θ = 180˚, which occurs during t = 0 to 0.25 and t = 0.75 
to 1.0, is much bigger and stronger. It is evident that for θ = 180˚, the maximum 
constriction occurs when the incoming flow is maximum (t = 0 and 1.0).  
 
The comparison of the mean and maximum wall vorticity distributions for these 4 
phase lags is plotted in figures 4.26a and 4.26b, respectively. Among these four 
phase lags, θ = 180˚ has the maximum values of mean and maximum wall vorticity; 
while θ = 0˚ has the minimum values. The mean and maximum throat wall 
vorticities for θ = 180˚ are 5 and 8 times of those for θ = 0˚, respectively. The 
distinguished difference in the wall vorticity, caused by different phase lags, 
indicates that the effect of the phase lag must be taken into consideration when the 
accuracy of wall vorticity is required.    
 
The throat wall vorticity variations during one cycle for θ = 0˚, 90˚, 180˚ and 270˚ 
are compared to that of the stationary constriction in figure 4.27. It shows that the 
magnitude of throat wall vorticity is determined by the constriction position and 
the incoming flow. The case of θ = 180˚ has the maximum value of the peak throat 
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wall vorticity, which is almost 8 times of that for θ = 0˚. However, it is still smaller 
than that of the stationary constriction except at t = 0 (zero constriction position) 
and t = 0.50 (zero flux). This again shows that in the blood vessel with oscillating 
constriction, the wall vorticity is smaller than that with a stationary constriction. 
   
4.2.5 Effect of Reynolds Number Re 
Further aspects of the flow behaviour can be revealed by studying the effect of 
Reynolds number. It was found that the range of Reynolds number in the human 
arteries is 10< Re < 1000 (O’brien and Ehrlich 1985). Hence, the results for Re = 
100, 1000 are selected to compared with the basic case in which Re = 391. The 
constriction oscillation amplitude ε, phase lag θ and Womersley number α are 
identical to the basic case. 
 
The flow development for Re = 100 was found similar to the basic case. Hence, 
only the streamline contours for Re = 1000 is plotted in figure 4.28 for brevity. By 
comparing with figure 4.14, it was found that the case with Re = 1000 has much 
bigger flow recirculation zone. Even during t = 0.55 to 0.60 when the incoming 
flow just increases from zero flux, a vortex is formed in the downstream of the 
constriction. However, for Re = 100 and 391, no vortex was found at the 
corresponding time. Conversely, the upstream vortex which is generated due to 
flow deceleration, occurs later and has smaller size for Re = 1000.  
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The wall vorticity distributions for Re = 100, 391 and 1000 are compared in figure 
4.29. It is observed that the maximum wall vorticity occurring at constriction throat 
increases with Reynolds number. This is apparently caused by the increase of 
incoming flow rate for high Reynolds number. The lowest downstream wall 
vorticity for Re = 1000 indicates that Re = 1000 has the largest downstream vortex. 
Similarly, the lowest upstream wall vorticity for Re = 100 corresponds to the 
largest upstream vortex.  
 
The comparison of the wall vorticity distributions between the oscillating 
constriction case and the quasi-steady constriction case for Re = 100 and 1000 are 
shown in figures 4.30 and 4.31, respectively. It shows that the wall vorticity is 
increased by the inward motion of the constriction, and is decreased by the 
outward motion, especially in the constriction region and its downstream region. 
Compared with figure 4.19 in which the Reynolds number is 391, it is noted that 
the difference between oscillating constriction and quasi-steady constriction is 
more obvious for Re = 100 (figure 4.30). This indicates that with smaller Reynolds 
number, i.e. smaller convective inertia, the effect of the constriction oscillating 
motion, i.e. unsteady inertia, becomes more significant. It also suggests that in the 
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4.2.6 Effect of Womersley Number α 
Womersley number α is the dimensionless frequency, indicating the flow 
unsteadiness. Previous research found that the value of Womersley number varies 
from large values (of order 10) in the aorta and the larger arteries, to much smaller 
ones (of order zero) in arterioles (Huang et al. 1995). The physiological range in 
the human circulation system is approximately 0 < α < 15. In this section, the 
results for the Womersley number of α = 3.34, 6 and 10 with the same constriction 
oscillation amplitude, phase lag and Reynolds number are compared.    
Compared to the other two Womersley numbers, α = 10 was found to have the 
most complicated flow behaviour. Hence, only the streamline contours for α = 10 
are presented in figure 4.32. By comparing with figure 4.14, more wavy 
streamlines are observed for α = 10, especially during the outward-moving phase 
of the constriction. 
 
More specifically, when the constriction moves inwards, only one vortex was 
found in the constriction downstream for α = 3.34; while for α = 10, due to more 
severe disturbance induced by constriction motion, a series of vortices are formed 
downstream of the constriction. The sizes of all the vortices are smaller than that 
of the single vortex in α = 3.34, showing that α = 10 has much shorter wavelength. 
The primary downstream vortex, i.e. the one closest to the constriction, has the 
largest size and the rest have much thinner and longer shapes. The development of 
upstream vortex is similar to that in the case of α = 3.34. 
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During the second half of the cycle, at t = 0.65 the upstream counter-clockwise 
vortex has broken into two small vortices. In addition, two weak clockwise 
rotating vortices are found at the two sides of the constriction wall. The time scale 
for these two clockwise vortices is quite small. At t = 0.70, both clockwise 
vortices and the upstream counter-clockwise vortices have dissipated and only the 
primary downstream vortex remains, leaving a wavy core flow. At t = 0.95, the 
waviness of the flow is still observed. From these observations it can be inferred 
that the unsteadiness of the flow grows for high Womersley number α. Similar 
clockwise recirculating vortex during constriction outward-moving phase was also 
observed for α = 10 in the results of Damodaran et al. (1999, 2004).  
 
Womersley number also shows significant effect on the wall vorticity. Figure 4.33 
illustrates the wall vorticity distributions at t = 0.25 and 0.75 for α = 3.34, 6 and 
10. At t = 0.25 when the constriction moves at maximum inward velocity, α = 10 
has the largest throat wall vorticity. At t = 0.75, when the constriction moves at 
the maximum outward velocity, it has the smallest throat wall vorticity. The 
downstream wall vorticity distribution for α = 10 is very wavy, which is consistent 
with the observations in figure 4.31. Also noted is the very small difference of the 
throat wall vorticity between α = 3.34 and 6. 
 
Figure 4.34 shows the comparison of the wall vorticity distributions between the 
oscillating constriction and quasi-steady constriction at the same Womersley 
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number α = 10 for t = 0.25 and 0.75. Compared to the case of the smaller 
Womersley number of 3.34 in figure 4.18, it is observed that the difference 
between the oscillating constriction and quasi-steady constriction becomes larger. 
This indicates that large Womersley number has significant effect on the wall 
vorticity. The quasi-steady assumption is not valid for large Womersley number, as 
expected. 
 
4.3 Numerical Study of Pulsatile Flow through an Axially-Oscillating         
Constriction 
 
4.3.1 Problem Definition 
In this section, a pulsatile flow (waveform in figure 4.35) passing through a tube 
with an axially-oscillating axisymmetric constriction is investigated. The flow 
domain is shown in figure 4.36. The constriction throat, i.e. the narrowest location 
along the tube, is oscillating forwards and backwards. Due to the symmetric 
geometry, only half the fluid domain is considered. In figure 4.36, z and r are the 
coordinates in the axial and radial directions, respectively; L is the length of the 
constriction; D is the constriction moving distance; z0 is the starting point of the 
constriction; ε is the constriction ratio. All of these parameters are 
non-dimensionlized by the radius of the undeformed tube R0.   
 
A dimensionless axial wave form motion is prescribed on the constriction, which 
is defined as follows: 
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In equation (4.5), t is the dimensionless time; θ is the phase lag of the constriction 
motion with respect to incoming flow pulsation. In the present study, both the 
constriction length L and the constriction moving distance D are set as 4. It should 
be noted that the constriction moves forward and backward in a wave form. It 
causes a non-zero radial velocity on the constriction wall and the axial velocity on 
the constriction wall is always zero. 
 
A pulsatile flow oscillating in a sinusoidal waveform is imposed at the inlet. The 
dimensionless inlet spatial-average velocity as shown in figure 4.35 is defined as 
follows: 
)2cos(5.05.0)( ttU avg π−=                                         (4.6) 
where avgU  is the dimensionless inlet spatial-average velocity, 
non-dimensionlized by the peak inlet spatial-average velocity 0U ; t is the 
dimensionless time, which is scaled by the period of the constriction motion. 
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Figure 4.37 shows the position of the constriction at various time instants when 
the constriction motion has zero phase lag with respect to the incoming flow 
pulsation. The constriction is at its extreme-left position (z0) when the 
instantaneous incoming flow is the minimum; the constriction is at its 
extreme-right position (z0 + L) when the instantaneous incoming flow is the 
maximum. 
 
The effects of the constriction ratio ε, the phase lag θ of constriction oscillation 
with regard to pulsatile incoming flow, Reynolds number Re and Womersley 
number α are investigated. The parameters are chosen to be the same as those in 
the study of radially-oscillating constriction, i.e. the case with ε = 0.50, θ = 0˚, Re 
= 391 and α = 3.34 is considered as the basic case and St is 4.5×10-3. 
 
4.3.2 Description of the Basic Flow 
Figure 4.38 illustrates the streamline contours at various time instants for the basic 
case in which the constriction motion is in phase with the flow pulsation. The 
constriction moves downstream when the inlet flow is increasing; the constriction 
moves upstream when the inlet flow is decreasing. The streamlines are observed to 
intersect with the tube wall as there is a non-zero radial velocity imposed on the 
constriction wall. 
 
In the beginning of the cycle (t = 0 to 0.10), no flow separation was found due to 
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the small flux of the incoming flow, as shown in figure 4.35. However, due to the 
large constriction size (of 0.50), at some time between t = 0.10 and 0.15, the flow 
starts to separate in the downstream concavity of the constriction (figure 4.38). At 
this location a counter-clockwise rotating vortex is formed at around t = 0.20. With 
further acceleration of the incoming flow, the vortex grows in size.  
 
After t = 0.50, the incoming flow enters its deceleration phase and the constriction 
starts to move upstream. Due to the constriction motion, the downstream vortex is 
dragged towards the upstream. Hence, although the incoming flow decreases in the 
second half of the cycle, the downstream vortex size continues to increase. At 
some time between t = 0.90 and 0.95, due to incoming flow deceleration, a 
clockwise-rotating vortex forms in the upstream concavity of the constriction. As 
the incoming flow approaches zero flux at t = 1.0, both vortices are shed from the 
tube wall, resulting in two large recirculating rings. Once the incoming flow starts 
to increase after t = 1.0, both vortices are swept away within a short time. At t = 
0.05, the streamlines become smooth and the whole cycle is to be repeated. 
 
In order to investigate the influence induced by the constriction motion, the 
streamline contours are compared with those of the stationary constriction case, as 
shown in figure 4.39. For the stationary constriction, the onset of the downstream 
vortex also starts at some time between t = 0.10 and 0.15. However, during t = 0 to 
0.50, its size is bigger as compared to that at the corresponding time in the basic 
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case. Moreover, there is no obvious change of the downstream vortex size during t 
= 0.50 to 0.90 for the stationary constriction. It is also observed that with the 
stationary constriction, the upstream vortex appears slightly earlier. 
 
The above comparison indicates that the constriction motion creates different flow 
behaviour, especially in the constriction downstream region. Generally, if the 
constriction moves in the same direction of the flow, it will decrease the 
downstream vortex size; if the constriction moves against the flow, it will increase 
the downstream vortex size.  
 
The flow behaviour can be further understood by studying the wall vorticity, as it 
is proportional to the wall shear stress which is believed to play an important role 
in the early stages of the atherosclerosis (Ku et al. 1985). Figure 4.40 shows the 
wall vorticity distributions at various time instants during one cycle. The moving 
constriction will cause a maximum wall vorticity in the vicinity of the constriction 
throat. Its location varies with the axial position of the constriction throat due to 
the constriction motion; while its magnitude oscillates with the incoming flow 
pulsation.  
 
Figure 4.41 illustrates the variations of the wall vorticity at the constriction throat 
during one cycle for the basic case and the stationary constriction case. For both 
cases, the throat wall vorticity varies with the incoming flow pulsation. It shows 
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that the constriction motion in the basic case has little effect on the throat wall 
vorticity as compared to that for the stationary constriction. This is due to the small 
Womersley number (α = 3.34) used in the basic case. However, the small 
discrepancy is still noticeable and indicates that the constriction motion towards 
downstream decreases the wall vorticity, while the constriction motion towards 
upstream increases the wall vorticity.  
 
The pressure distribution along the tube wall is shown in figure 4.42. The variation 
of the pressure loss across the constriction shows a correspondence with the 
incoming flow pulsation. For instance, the pressure loss is the maximum at peak 
incoming flow flux (t = 0.50) and vice versa at zero flow flux (t = 1.0). Moreover, 
the location of the lowest pressure varies with the constriction motion. In order to 
investigate the effect of the constriction motion on the wall pressure, comparison 
of the wall pressure distribution is made between the moving and stationary 
constriction cases at the same time instants, as shown in figures 4.43a and 4.43b at 
t = 0.25 and 0.75, respectively. At t = 0.25, the constriction wave is moving 
downstream at the maximum velocity; at t = 0.75, it is moving upstream at the 
maximum velocity. The comparison shows that the constriction moving 
downstream generates less pressure loss; while larger pressure loss is generated 
when the constriction moves upstream.  
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4.3.3 Effect of Constriction Ratio ε 
In this section, the results for ε = 0.30, 0.40 and 0.50 are compared to study the 
effect of the constriction ratio. The phase lag θ, Reynolds number Re and 
Womersley number α are identical to the basic case.  
 
The streamline contours for ε = 0.30 and 0.40 are shown in figures 4.44 and 4.45, 
respectively. It is found that with smaller constriction ratio, the onset of the 
downstream vortex comes later and its size decreases noticeably. Moreover, for ε = 
0.30, during the first half of the cycle when the constriction moves to the 
downstream, there is no flow separation formed.  
 
The comparisons of wall vorticity distributions for ε = 0.30, 0.40 and 0.50 at t = 
0.25 and 0.75 are presented in figures 4.46a and 4.46b, respectively. It is shown 
clearly that the wall vorticity in the constriction region increases with the 
constriction ratio. In the downstream region, the larger constriction ratio leads to 
larger vortex, and hence smaller wall vorticity. 
 
The comparison of the throat wall vorticity variations for ε = 0.30, 0.40 and 0.50 
is shown in figure 4.47. It can be seen that larger constriction ratio leads to higher 
throat wall vorticity. Moreover, the difference of the throat wall vorticity between 
ε = 0.40 and 0.50 is greater than that between ε = 0.30 and 0.40. This indicates 
that with further increase of ε, the throat wall vorticity rises more rapidly.  
CHAPTER 4                              RESULTS AND DISCUSSION 
81 
The comparison of the wall pressure distributions for ε = 0.30, 0.40 and 0.50 at t = 
0.25 and 0.75 is shown in figures 4.48a and 4.48b, respectively. It shows that the 
wall pressure drop increases with the constriction ratio. The lowest pressure 
around the constriction throat decreases as the constriction ratio increases, which 
is caused by more severe flow acceleration there.  
 
4.3.4 Effect of Phase Lag θ  
In the basic case, the stenosis axial displacement is in phase with the incoming 
flow, which may lag the pressure gradient by up to 90 degrees. However the phase 
lag between flow and pressure are dependent on the Womersley number, and it 
may also be affected by the constriction. Furthermore a real artery-wall may have 
viscoelastic behaviour which causes the oscillation to be out of phase with the flow. 
In a mechanical massage device, the constriction may have various phase lags with 
the flow. 
 
In this section, a study is made to examine the effect of phase lag on the flow 
characteristics. Results are presented for constriction motions that have 90°, 180° 
and 270° phase lag, and are compared with the results of the basic case in which θ 
= 0˚.  
 
Figures 4.49, 4.50 and 4.51 present the streamline contours for θ = 90˚, 180˚ and 
270˚, respectively. Comparing these figures with figure 4.38 (θ = 0˚), it is observed 
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that the flow development is significantly affected by the phase lag. To be concise, 
only the streamlines for θ = 180˚ are explained here to illustrate the effect of phase 
lag.  
 
For θ = 180˚, the constriction moves towards upstream during time t = 0 to 0.50. 
Compared with the streamlines in figure 4.38 (θ = 0˚), where the constriction 
moves towards downstream, the vortex for θ = 180˚ is larger at the corresponding 
time instants and grows more rapidly. However, at the later time from t = 0.50 to 
1.0, the size of the vortex for θ = 180˚ shrinks faster than that for θ = 0˚. This is 
because, for θ = 180˚, the constriction now moves in the same direction as the 
incoming flow. The results show that the vortex development is strongly 
influenced by the motion of the constriction relative to the flow. 
 
The variations of the throat wall vorticity for θ = 0˚, 90˚, 180˚ and 270˚, and the 
stationary constriction are presented in figure 4.52. The throat wall vorticity 
generally varies with the pulsatile incoming flow. The different phase lag of the 
constriction motion only causes slight difference in the magnitude of the throat 
wall vorticity. The throat wall vorticity is the maximum for the phase lag θ = 270˚, 
which corresponds to the constriction wave form moving upstream at the peak 
velocity when the incoming flow is at its maximum.  
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4.3.5 Effect of Reynolds Number Re 
In this section, the results for Re = 100 and 200 are compared with those of the 
basic case in which Re = 391. The constriction ration ε, phase lag θ and Womersley 
number α are identical to the basic case. 
 
Figures 4.53 and 4.54 present the streamline contours for lower Re = 100 and 200, 
respectively. In general, as compared with figure 4.38 in which Re = 391, it was 
found that as Reynolds number decreases, the onset of the downstream vortex is 
delayed and its size is smaller at the corresponding time instants. Apparently this is 
due to the decreasing inertia of the incoming flow. 
 
It is interesting that the effect induced by the constriction motion becomes more 
obvious at smaller Reynolds number, especially at time t = 0.05 when the incoming 
flow flux is small, as shown in figure 4.35. At the beginning of the cycle, t = 0.05 
(figure 4.53a), there is a reverse flow around the constriction throat. It is the 
strongest for Re = 100 as compared with the other two higher Reynolds number. 
Moreover, the downstream vortex has not been swept away because the 
momentum of the incoming flow is not enough. At the same time instant for Re = 
200 (figure 4.54a), the reverse flow is also noticeable but the downstream vortex 
has already disappeared. For Re = 391 (figure 4.38a), the downstream vortex is 
also not present at this time instant, and even the reverse flow is disappeared. 
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Figure 4.55 illustrates the throat wall vorticity variations for Re = 100, 200 and 391.  
It can be seen that during t = 0 to 0.75, the throat wall vorticity increases with the 
Reynolds number. However, during the later time period of t = 0.75 to 1.0, the 
throat wall vorticity is not significantly affected by the Reynolds number. This is 
because the incoming flow has very small flux, as shown in figure 4.35, the 
influence of Reynolds number is small.   
 
The effect of Reynolds number is further investigated by comparing the results 
between the moving and stationary constrictions. Figures 4.56a and 4.56b show the 
comparisons of the throat wall vorticity variations for Re = 100 and 391, 
respectively. In figure 4.56a it is clear that the throat wall vorticity is lower than 
that of the stationary one, when the constriction moves in the same direction as the 
incoming flow (t = 0 to 0.50). On the other hand, the throat wall vorticity is higher 
than that in the stationary case when the constriction moves in the opposite 
direction of the incoming flow (t = 0.50 to 1.0). It can also be seen in figures 4.56a 
and 4.56b that for smaller Reynolds number (Re = 100), the difference of the throat 
wall vorticities between the moving and stationary constrictions is greater than that 
for Re = 391. The observation implies that a moving constriction may not be 
approximated as a stationary one if the Reynolds number is small. 
 
Figures 4.57a and 4.57b illustrates the comparisons of the wall pressure 
distribution for Re = 100, 200 and 391 at t = 0.25 and 0.75, respectively. At these 
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two time instants, the constriction wave moves at its peak velocity but with 
opposite directions. At t = 0.25 when the constriction moves towards downstream, 
the pressure drop across the constriction does not change much for different 
Reynolds numbers. However, at t = 0.75 when the constriction moves at its peak 
velocity towards flow upstream, the pressure drop across the constriction increases 
for smaller Reynolds number. This indicates that for smaller Reynolds numbers 
when the convective inertia is low, the effect of time inertia (due to constriction 
motion) becomes more significant. 
 
4.3.6 Effect of Womersley Number α 
Womersley number α is the dimensionless frequency that indicates the flow 
unsteadiness. Previous studies found that the physiological range in the human 
circulation system is approximately 0 < α < 15 (Huang et al. 1995). In this section, 
the results for two Womersley numbers α = 3.34 and 10 are presented at the same 
constriction oscillation amplitude, phase lag and Reynolds number.    
 
Figure 4.58 illustrates the streamline contours for α = 10. It is convenient to 
explain the flow development starting from t = 0.50 when the constriction is at the 
end of its downstream motion. At this instant, a vortex is formed in the constriction 
downstream region. After t = 0.50, the constriction starts to move towards 
upstream and the flow remains attached to the constriction wall. The downstream 
vortex is dragged towards upstream, with its shape becoming elongated. At t = 0.60, 
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the elongated vortex breaks down into two small vortices with the same 
anti-clockwise nature, one of which is attached to the constriction. As the 
constriction wave continues moving upstream with increasing speed, the attached 
vortex in turn gets elongated, and then breaks into two small vortices at t = 0.65. 
Such vortex-division is repeated until t = 0.75, when the constriction reaches its 
peak velocity. Thus, a series of vortices is formed in the constriction downstream. 
During t = 0.75 to 1.0 as the constriction motion slows down, some of the 
downstream vortices merge together as they have a relative speed towards the 
constriction.  
 
After t = 1.0 (or t = 0), the constriction moves towards downstream and the 
incoming flow enters its acceleration phase. As a result, the downstream vortices 
are pushed downstream and become smaller. Up to t = 0.30, a small downstream 
vortex is still noticeable at a location that is far downstream. 
 
As compared with figure 4.38 in which α = 3.34, it is observed that the flow 
development for α = 10 is much more complicated. This indicates that the 
unsteadiness created by this high Womersley number is very significant. 
 
The wall vorticity distribution is also significantly affected by high Womersley 
number. Figures 4.59a and 4.59b show the comparisons of the wall vorticity 
distributions between the two Womersley numbers at two time instants. When the 
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constriction moves towards downstream (t = 0.25) at high Womersley number, as 
shown in figure 4.59a, the wall vorticity in the constriction region is significantly 
reduced. When the constriction moves towards upstream at t = 0.75, the wall 
vorticity is increased significantly. Moreover, the wall vorticity curve is wavy in 
the constriction downstream for high Womersley number, especially at t = 0.75, 
which shows that more vortices are formed. This is in line with the observation in 
the streamline contours in figure 4.58. 
 
Comparisons of the throat wall vorticity variations between the moving and 
stationary constriction for α = 3.34 and 10 are presented in figures 4.60a and 4.60b, 
respectively. It can be seen that with higher Womersley number, there is larger 
difference in the throat wall vorticity between the moving and stationary 
constrictions. Thus, the stationary constriction assumption may not be suitable for 
large Womersley number.   
 
Figures 4.61a and 4.61b present the comparisons of the wall pressure distributions 
between the moving constriction and the stationary constriction at t = 0.25 and 
0.75, respectively. Compared with α = 3.34, the downstream vortices generated for 
high Womersley number α = 10 cause the wall pressure to oscillate, especially at t 
= 0.75. It shows that with downstream-moving constriction (t = 0.25), the pressure 
loss across the constriction decreases for high Womersley number; vice versa for 




 CONCLUSIONS AND RECOMMENDATIONS 
  
5.1  Conclusions 
 
5.1.1 Analytical Study of Pulsatile Flow through a Radially-Oscillating 
Constriction 
The pulsatile flow passing through a radially-oscillating axisymmetric constriction 
is a nonlinear problem, for which it is difficult to derive an analytical solution. 
However, in the range of low Reynolds number and with the restrictions of mild 
oscillation amplitude and gradually-varying constriction shape, it was solved by a 
linear analytical approach. 
 
The results of the present analytical study show that even with mild oscillation 
amplitude, the constriction inward motion would increase axial velocity and wall 
vorticity in the constriction region, while the outward motion would reduce the 
magnitudes. The constriction mild oscillation also has the effect of enhancing the 
fluctuations of the downstream pressure gradient, axial velocity and wall vorticity; 
unlike a stationary constriction where the downstream fluctuations, due to the 
incoming pulsatile flow, are not amplified. It was also found that with the 
increasing oscillation amplitude, the amplitudes of axial velocity and wall 
vorticity fluctuations in the constriction and its downstream regions increase 




The present analytical approach may be used for mildly oscillating constriction 
which has no complication of flow separation and non-linearity. It may be 
considered as an extension of Womersley’s theory for straight tubes to those with 
moving constrictions. The analytical solution may also be used as a means of 
validating numerical models which are needed to solve flows through oscillating 
constriction with large amplitudes.  
. 
5.1.2 Numerical Study of Pulsatile Flow through a Radially-Oscillating 
Constriction 
A numerical study of pulsatile flow passing through a tube with a 
radially-oscillating axisymmetric constriction with large amplitude was presented. 
Like the mild oscillating case, the inward motion of the constriction increases the 
instantaneous magnitudes of the axial velocity, pressure drop across the 
constriction, and wall vorticity. Conversely, the outward motion leads to 
decreased magnitudes. As compared with a stationary constriction, the radial 
motion makes the downstream recirculation zone much smaller and of shorter 
duration; moreover, the throat wall vorticity is much smaller. The comparison 
indicates that a stationary constriction assumption might overestimate the wall 
shear stress in the stenosed arteries. 
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The parametric study on the constriction oscillation amplitude, phase lag between 
constriction motion and incoming flow pulsation, Reynolds and Womersley 
numbers, was also presented in the present study. The results show that large 
constriction oscillation amplitude leads to significant increase of throat wall 
vorticity, pressure loss across the constriction and size of the recirculation zone. It 
was also found that the phase lag between constriction motion and pulsatile 
incoming flow significantly affects the flow behaviour, especially for the case θ = 
180˚ when the narrowest constriction occurs at the instantaneous peak flow. This 
case, among the phase lags considered, causes the maximum wall vorticity, but it 
is still smaller than that of a stationary constriction.  
 
For small Reynolds number (Re = 100), the difference between the oscillating and 
quasi-steady constrictions is more noticeable as observed by comparing the wall 
vorticity. It indicates that quasi-steady assumption is not appropriate, more so in 
the smaller arteries. However, the effects induced by the constriction radial motion 
are less at large Reynolds number, for example Re = 1000, as the flow is 
dominated by the large convective inertia. 
 
For large Womersley number (α = 10), more wavy flow pattern with complicated 
vortices development were observed. Instead of a single downstream vortex, a 
series of vortices were found in the constriction downstream. The upstream vortex 
also divides into two vortices when the constriction is moving outwards. Other 
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than these counter-clockwise vortices, two clockwise rotating vortices were 
observed during this phase, which is consistent with previous studies. The large 
Womersley number (α = 10) also significantly increases the throat wall vorticity. 
Due to the highly unsteady flow, there is large difference between the oscillating 
and quasi-steady constrictions which confirms that the quasi-steady assumption is 
not suitable for large Womersley number, as expected. 
 
5.1.3 Numerical Study of Pulsatile Flow through an Axially-Oscillating 
Constriction 
A numerical study was presented of pulsatile flow passing through a tube with a 
wave-like axially-oscillating axisymmetric constriction. When the constriction is 
moving in the direction of the incoming flow, it decreases the instantaneous 
magnitudes of pressure drop across the constriction, and wall vorticity. 
Conversely, the constriction moving opposite to the flow would lead to increased 
magnitudes. As compared with a stationary constriction, when the constriction is 
moving with the flow, it makes the downstream recirculation zone appear later 
and smaller; when the motion is against the flow, the downstream vortex is 
dragged by the moving constriction and is much longer.  
 
The parametric study on the constriction ratio, phase lag between constriction 
motion and pulsatile incoming flow, Reynolds and Womersley numbers, was also 
presented. With increasing constriction ratio, the magnitudes of throat wall 
vorticity increases significantly. The results also show that the phase lag between 
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the constriction motion and the incoming flow pulsation does not cause large 
differences in the throat wall vorticity and pressure loss across the constriction; this 
is different from the effect of the phase lag in the radially-oscillating constriction. 
 
For small Reynolds number (Re = 100), the difference between the oscillating and 
stationary constrictions is more noticeable as observed by comparing the wall 
vorticity. With a downstream-moving constriction, the wall vorticity and the 
pressure drop are smaller than those for a stationary constriction; vice versa for an 
upstream-moving constriction. However, the discrepancy is not obvious as 
Reynolds number increased. It indicates that the stationary constriction assumption 
is not appropriate at small Reynolds numbers. On the other hand, for moderate 
Reynolds number (Re = 391), the flow unsteadiness induced by the constriction 
motion is less since the flow is dominated by the large convective inertia of the 
incoming flow. 
 
For large Womersley number (α = 10), more wavy flow pattern with complicated 
vortices development were observed. The high speed constriction motion breaks 
the nearest downstream vortex into a series of small vortices, resulting in more 
wavy flow compared to that at α = 3.34. For α = 10, the wall vorticity and pressure 
loss for a moving constriction are significantly different from those for a stationary 
constriction; the stationary constriction assumption is not suitable at large 
Womersley number, as expected.  
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5.2  Recommendations 
 
In the present study, certain prescribed constriction motions were considered. More 
realistic constriction motion could be studied in the future. The study could be 
extended to a 3-D asymmetric constriction motion, in which secondary flow may 
occur. In addition, the constriction motion could be coupled with the elastic tube 
wall motion, which may show interesting flow behaviours.   
 
The present results show that the flow unsteadiness induced by the constriction 
motion is increased with Womersley number. Further studies are needed to confirm 
this finding for higher Womersley number (α > 10), in which the vortex 
development would be of interest.    
 
The effects of some other parameters have not been studied, such as incoming flow 
profile, constriction geometry and constriction motion of different oscillation 
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Figure 3.3 Instantaneous streamline contours of Huang’s case (1995) obtained by the 
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Figure 3.6 Instantaneous streamline contours of Ralph & Pedley’s case (1988) 
































Figure 3.7 Locations of Eddy B, C and D (solid line - present results; dashed line - 
Ralph & Pedley’s numerical results (1988); dots - Pedley & Stephanoff’s 



























Figure 3.10a Variation of outlet dimensionless flow rate during one cycle for ε = 0.05. 
 
 





Figure 3.10c Variation of outlet dimensionless flow rate during one cycle for ε = 0.15. 
 
 









































Figure 4.4a Modulus of steady component pressure gradient along the tube for a 




Figure 4.4b Modulus of 1st harmonic pressure gradient component along the tube for a 







Figure 4.5a Modulus of steady pressure gradient component for a stationary 




Figure 4.5b Modulus of 1st harmonic pressure gradient component for a stationary 






Figure 4.6a Comparison of centerline axial velocity variations at z = 0 (constriction 





Figure 4.6b Comparison of centerline axial velocity variations at z = 30 during one 





Figure 4.7a Comparison of upstream and downstream centerline axial velocity 




Figure 4.7b Comparison of upstream and downstream centerline axial velocity 






Figure 4.8a Wall vorticity distributions at various time instants for the radially-




Figure 4.8b Wall vorticity distributions at various time instants for the stationary 






Figure 4.9a Comparison of wall vorticity variations at z = 0 (constriction throat) 




Figure 4.9b Comparison of wall vorticity variations at z = 30 between the radially-






Figure 4.10a Comparison of steady pressure gradient component modulus distributions 




Figure 4.10b Comparison of 1st harmonic pressure gradient component modulus 






Figure 4.11a Comparison of centerline axial velocity variations at z = 0 (constriction 




Figure 4.11b Comparison of centerline axial velocity variations at z = 0 30 for various 






Figure 4.12a Comparison of wall vorticity variations at z = 0 (constriction throat) for 




Figure 4.12b Comparison of wall vorticity variations at z = 30 for various constriction 
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Figure 4.14 Instantaneous streamline contours for the basic case (ε = 0.50, θ = 0˚, Re = 
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Figure 4.15 Instantaneous streamline contours for the stationary constriction case (ε = 







Figure 4.16 Centerline axial velocity distributions at various time instants for the basic 







Figure 4.17 Wall vorticity distributions at various time instants for the basic case (ε = 










Figure 4.18 Comparison of throat wall vorticity variations during one cycle between 
the basic case (ε = 0.50, θ = 0˚, Re = 391, α = 3.34) and the stationary 











Figure 4.19a Comparison of wall vorticity distributions at t = 0.25 between the basic 
case (ε = 0.50, θ = 0˚, Re = 391, α = 3.34) and the quasi-steady 





Figure 4.19b Comparison of wall vorticity distributions at t = 0.75 between the basic 
case (ε = 0.50, θ = 0˚, Re = 391, α = 3.34) and the quasi-steady 







Figure 4.20 Wall pressure distributions at various time instants for the basic case (ε = 





Figure 4.21a Comparison of wall pressure distributions at t = 0.25 between the basic 
case (ε = 0.50, θ = 0˚, Re = 391, α = 3.34) and the quasi-steady 





Figure 4.21b Comparison of wall pressure distributions at t = 0.75 between the basic 
case (ε = 0.50, θ = 0˚, Re = 391, α = 3.34) and the quasi-steady 





Figure 4.22a Comparison of wall vorticity distributions at t = 0.25 for various 
constriction oscillation amplitudes ε = 0.30, 0.40 and 0.50 (θ = 0˚, Re = 





Figure 4.22b Comparison of wall vorticity distributions at t = 0.75 for various 
constriction oscillation amplitudes ε = 0.30, 0.40 and 0.50 (θ = 0˚, Re = 





Figure 4.23a Comparison of wall pressure distributions at t = 0.25 for various 
constriction oscillation amplitudes ε = 0.30, 0.40 and 0.50 (θ = 0˚, Re = 





Figure 4.23b Comparison of wall pressure distributions at t = 0.75 for various 
constriction oscillation amplitudes ε = 0.30, 0.40 and 0.50 (θ = 0˚, Re = 










Figure 4.24 Variations of constriction position and inlet spatial-average axial velocity 
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Figure 4.26a Comparison of mean wall vorticity distributions for various constriction 





Figure 4.26b Comparison of maximum wall vorticity distributions for various 
constriction motion phase lags θ = 0˚, 90˚, 180˚ and 270˚ (ε = 0.50, Re = 










Figure 4.27 Comparison of throat wall vorticity variations for θ = 0˚, 90˚, 180˚ and 
270˚ (ε = 0.50, Re = 391, α = 3.34) and the stationary constriction case (ε 
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Figure 4.29a Comparison of wall vorticity distributions at t = 0.25 for Re = 100, 391 





Figure 4.29b Comparison of wall vorticity distributions at t = 0.75 for Re = 100, 391 






Figure 4.30a Comparison of wall vorticity distributions at t = 0.25 for Re = 100 
between the radially-oscillating constriction case (ε = 0.50, θ = 0˚, α = 




Figure 4.30b Comparison of wall vorticity distributions at t = 0.75 for Re = 100 
between the radially-oscillating constriction case (ε = 0.50, θ = 0˚, α = 






Figure 4.31a Comparison of wall vorticity distributions at t = 0.25 for Re = 1000 
between the radially-oscillating constriction case (ε = 0.50, θ = 0˚, α = 




Figure 4.31b Comparison of wall vorticity distributions at t = 0.75 for Re = 1000 
between the radially-oscillating constriction case (ε = 0.50, θ = 0˚, α = 
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Figure 4.33a Comparison of wall vorticity distributions at t = 0.25 for α = 3.34, 6 and 





Figure 4.33b Comparison of wall vorticity distributions at t = 0.75 for α = 3.34, 6 and 






Figure 4.34a Comparison of wall vorticity distributions t = 0.25 for α = 10 between the 
radially-oscillating constriction case (ε = 0.50, θ = 0˚, Re = 391) and the 
quasi-steady constriction case (ε = 0.25, Re = 391). 
 
 
Figure 4.34b Comparison of wall vorticity distributions t = 0.75 for α = 10 between the 
radially-oscillating constriction case (ε = 0.50, θ = 0˚, Re = 391) and the 









































Figure 4.37 Constriction positions at various time instants for an axially-oscillating 
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Figure 4.38 Instantaneous streamline contours for the basic case (ε = 0.50, θ = 0˚, Re = 
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Figure 4.39 Instantaneous streamline contour for the stationary constriction case (ε = 






Figure 4.40 Wall vorticity distributions at various time instants for the basic case (ε = 










Figure 4.41 Comparison of the variations of wall vorticity at constriction throat 
between the basic case (ε = 0.50, θ = 0˚, Re = 391, α = 3.34) and the 











Figure 4.42 Wall pressure distributions at various time instants for the basic case (ε = 






Figure 4.43a Comparison of wall pressure distributions at t = 0.25 between the basic 
case (ε = 0.50, θ = 0˚, Re = 391, α = 3.34) and the stationary constriction 




Figure 4.43b Comparison of wall pressure distributions at t = 0.75 between the basic 
case (ε = 0.50, θ = 0˚, Re = 391, α = 3.34) and the stationary constriction 
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Figure 4.46a Comparison of wall vorticity distributions at t = 0.25 for various 





Figure 4.46b Comparison of wall vorticity distributions at t = 0.75 for various 









Figure 4.47 Comparison of throat wall vorticity variations for various constriction 












Figure 4.48a Comparison of wall pressure distributions at t = 0.25 for various 





Figure 4.48b Comparison of wall pressure distributions at t = 0.75 for various 
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Figure 4.52 Comparison of throat wall vorticity variations for θ = 0˚, 90˚, 180˚ and 
270˚ (ε = 0.50, Re = 391, α = 3.34) and the stationary constriction case (ε 
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Figure 4.55 Comparison of throat wall vorticity variations for Re = 100, 200 and 391 











Figure 4.56a Comparison of throat wall vorticity variations between the axially-
oscillating constriction case (ε = 0.50, θ = 0˚, α = 3.34) and the stationary 




Figure 4.56b Comparison of throat wall vorticity variations between the axially-
oscillating constriction case (ε = 0.50, θ = 0˚, α = 3.34) and the stationary 







Figure 4.57a Comparison of wall pressure distributions at t = 0.25 for Re = 100, 200 





Figure 4.57b Comparison of wall pressure distributions at t = 0.75 for Re = 100, 200 
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Figure 4.59a Comparison of wall vorticity distributions at t = 0.25 for α = 3.34 and 10 





Figure 4.59b Comparison of wall vorticity distributions at t = 0.75 for α = 3.34 and 10 





Figure 4.60a Comparison of throat wall vorticity variations between the axially-
oscillating constriction case (ε = 0.50, θ = 0˚, Re = 391) and the stationary 





Figure 4.60b Comparison of throat wall vorticity variations between the axially-
oscillating constriction case (ε = 0.50, θ = 0˚, Re = 391) and the stationary 





Figure 4.61a Comparison of wall pressure distributions at t = 0.25 for α = 3.34 and 10 






Figure 4.61b Comparison of wall pressure distributions at t = 0.75 for α = 3.34 and 10 
(ε = 0.50, θ = 0˚, Re = 391). 
 
